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Paramodulation-based theorem proving 31. About this chapterThe aim of this chapter is to review the fundamental techniques in paramodulation-based theorem proving, presenting them in a uniform framework. We start witheasier subcases and progressively include the di�erent extensions. Since the objec-tive is to obtain a concise overview of the current state of the art, some of thehistorical developments that are not essential for the current results are omitted(further historical remarks on paramodulation are given in Chapter [chapter withid sequent] of this handbook).In this �rst section, the main concepts are introduced in an informal way, withemphasis on their intuitive background. This is done to facilitate the reading ofsubsequent sections, where all these notions are formally de�ned and explained indetail, and some of the main results are proved.1.1. ParamodulationParamodulation originated as a development of resolution [Robinson 1965], one ofthe main computational methods in �rst-order logic (see Chapter [chapter with idresolution] of this handbook). For improving resolution-based methods, the studyof the equality predicate has been particularly important, since reasoning withequality is well-known to be of great importance in mathematics, logic, and com-puter science. Robinson [1965] showed that resolution together with factoring isrefutation complete, that is, the empty clause will eventually be inferred by system-atically enumerating all consequences of an unsatis�able set of clauses by (binary)resolution: C _A D _ :B(C _D)� if � = mgu(A;B)where mgu(A;B) denotes a most general uni�er of A and B, and factoring :C _A _B(C _A)� if � = mgu(A;B)For dealing with the equality predicate ' by resolution, one can specify it bymeans of the following congruence axioms E :! x ' x (re
exivity)x ' y ! y ' x (symmetry)x ' y ^ y ' z ! x ' z (transitivity)x1 ' y1 ^ : : :^ xn ' yn ! f(x1; : : : ; xn) ' f(y1; : : : ; yn) (monotonicity-I)x1 ' y1 ^ : : :^ xn ' yn^P (x1; : : : ; xn) ! P (y1; : : : ; yn) (monotonicity-II)In fact the monotonicity axioms are axiom schemes: one monotonicity-I axiomis required for each non-constant n-ary function symbol f , and, similarly, one



4 R. Nieuwenhuis and A. Rubiomonotonicity-II axiom for each predicate symbol P . A set S of clauses is satis�ablein �rst-order logic with equality if, and only if, S[E is satis�able in �rst-order logicwithout equality1.However, it is easy to see that resolution and factoring with E tend to causethe generation of too many (mostly unnecessary) new clauses. Therefore, Robinsonand Wos explored another possibility. They tried to avoid the need for specifyingequality by treating it as part of the logical language, i.e., directly considering �rst-order logic with equality. This requires the design of dedicated inference rules, likeparamodulation [Robinson and Wos 1969]:C _ s ' t D( C _D[t]p )� if � = mgu(s;Djp)where Djp is the subterm ofD at position p, andD[t]p denotes the result of replacingin D this subterm by t. Paramodulation, together with resolution and factoring,was proved refutation complete, under the presence of the re
exivity axiom andcertain tautologies called the functional re
exivity axiomsf(x1; : : : ; xn) ' f(x1; : : : ; xn)for every n-ary function symbol f of the alphabet. Later on, Brand [Brand 1975]proved that the functional re
exivity axioms were unnecessary, as well as paramod-ulation into variables, that is, paramodulations where Djp is a variable. However,even under these restrictions, paramodulation is di�cult to control: unless addi-tional re�nements are considered, it quickly produces a large amount of unnecessaryclauses, expanding the search space excessively.The strengths and weaknesses of paramodulation have led to fruitful theoreticaland practical research on paramodulation-based theorem proving. Concerning thepractical research, a large number of experiments with paramodulation have beenperformed at the Argonne group by Wos, Overbeek, Henschen and others (see, e.g.,[Wos 1988, Wos 1996] for references), and especially by McCune with his proversOtter [McCune 1994] and EQP [McCune 1997a] and his recent automated proof ofthe Robbins conjecture [McCune 1997b, McCune 1997c]. Concerning the theoreticalresearch, the main techniques are reviewed in this chapter, and some aspects of theirimplementation in practical provers is discussed.1.2. Extending the unit equality case: ordered paramodulationAn important tool in paramodulation is the use of term orderings for restrictingthe number of inferences. Paramodulation is in fact based on Leibniz' law for re-placement of equals by equals. Now the basic idea of ordered paramodulation is to1Note that there is no logical equivalence. First-order logic (FOL) with equality has moreexpressive power: for instance, in FOL with equality the clause x ' a _ x ' b expresses that thecardinality of models is at most two, which cannot be expressed in FOL without equality.



Paramodulation-based theorem proving 5only perform replacements of big terms by smaller ones, with respect to the givenordering �.This is precisely the idea of (ordered) rewriting. Let us consider now unit equa-tions: we address word problems of the form E j= u ' v, where E is a set ofequations and u ' v is another equation. Assume that � is a reduction ordering onterms (see Section 2 for the precise de�nitions). A term t is rewritten in one stepwith an equation l ' r (or, equivalently, r ' l) of E by replacing a subterm l� oft by r�, for some substitution � such that l� � r�. For example, let E consist ofthe equations plus(0; x) ' x and plus(s(x); y) ' s(plus(x; y)). Denoting each stepby !E (and assuming the steps agree with �), we haveplus(s(s(0)); s(0)) !E s(plus(s(0); s(0))) !E s(s(plus(0; s(0)))) !E s(s(s(0)))This (ordered) rewrite relation terminates: starting from some �nite term t, aftera �nite number of steps a normal form (i.e., a term that cannot be rewritten anyfurther) is obtained.Now let!�E denote zero or more of these steps (i.e.,!�E is the re
exive-transitiveclosure of the relation!E). A set of equations E is called con
uent w.r.t. the given� if, whenever s !�E u and s !�E v, there is some t such that u !�E t andv !�E t. It is not di�cult to see that then every term has a unique normal form.Furthermore, rewriting is then a decision procedure for deduction in the theory ofE, since E j= s = t if, and only if, s and t have the same normal form2.The �rst instances of ordered paramodulation appeared in Knuth-Bendix com-pletion [Knuth and Bendix 1970]. Roughly, a completion procedure attempts totransform a given set of equations into an equivalent con
uent one. A crucial stepof the transformation process is the computation of critical pairs between equations.A critical pair is an equation obtained by superposition, the restricted version ofparamodulation in which inferences only involve left hand sides of possible rewritesteps, i.e., only the big terms (w.r.t. �) are considered. During the completion pro-cess equations are simpli�ed by rewriting, and tautologies, i.e., equations of theform s ' s, are removed.Note that, since the word problem is not decidable in general, a �nite con
uentE cannot always be obtained. In Knuth and Bendix' original procedure this couldbe due to failure3 or to non-termination of completion. For completely avoidingfailure, ordered or unfailing completion was introduced [Lankford 1975, Hsiang andRusinowitch 1987, Bachmair, Dershowitz and Plaisted 1989].This leads to complete theorem provers for equational theories E, since for everyvalid equation a rewrite proof will be found after a �nite number of steps of the(possibly in�nite) completion procedure. Moreover, if the process terminates, it pro-2More precisely, one rewrites the ground Skolemisations of s and t, and � is required to betotal on such ground terms.3Failure could occur because Knuth and Bendix considered rewriting with a terminating setof uni-directional rules, instead of ordered rewriting (applying equations in whatever directionagrees with the given reduction ordering, as explained here). Hence in their view equations hadto be oriented into terminating rules, which fails if an equation like the commutativity axiomf(x; y) ' f(y; x) appears.



6 R. Nieuwenhuis and A. Rubioduces a con
uent system for ordered rewriting. For improving the e�ciency and forreducing the number of cases of non-termination of completion, numerous additionalsimpli�cation methods and critical pair criteria for detecting redundant inferenceshave been developed [Bachmair, Dershowitz and Hsiang 1986, Peterson 1990, Mar-tin and Nipkow 1990, Bachmair 1991, Bachmair and Dershowitz 1994, Comon,Narendran, Nieuwenhuis and Rusinowitch 1998]. Indeed, nowadays completion hasbecome the method of choice for most state-of-the-art equality reasoning systems.Since the main results for completion-based theorem proving with unit equations areparticular cases of the ones given for general clauses with equality, in this chapter nofurther speci�c attention will be devoted to completion; instead, in Subsection 4.6,it will be shortly treated as an instance of saturation for general clauses.Extending the notion of critical pair, completion procedures were developed forgoing beyond unit equations. For instance, for obtaining con
uent sets for rewriterelations like conditional and clausal rewriting, completion procedures were de-signed for transforming sets of conditional equations (de�nite Horn clauses withequality, i.e., of the form s1 ' t1 ^ : : : ^ sn ' tn ! s ' t) [Kaplan 1984, Jouan-naud and Waldmann 1986, Kounalis and Rusinowitch 1991, Ganzinger 1991], orrestricted equality clauses [Nieuwenhuis and Orejas 1990].The generalization of this kind of completion procedure to full �rst-order clauseswith equality required the development of more powerful proof techniques for es-tablishing completeness. Using the trans�nite semantic tree method Hsiang andRusinowitch [1991] proved the refutation completeness of ordered paramodulation,while Bachmair [1989] applied an extension of the so-called proof ordering tech-nique for obtaining similar results.By means of their model generation proof method, similar to other forcing tech-niques developed by Zhang [1988] and Pais and Peterson [1991], Bachmair andGanzinger [1990, 1994b] proved the completeness of an inference system for full�rst-order clauses with equality, based on strict superposition: paramodulationinvolving only maximal (w.r.t. the ordering �) terms of maximal equations ofclauses. Such superposition-based inference systems, as well as the model gener-ation method, are explained in detail in Section 3 of this chapter.1.3. Redundancy and saturationKnuth-Bendix completion transforms sets of equations into complete or saturatedones: sets that are closed under the addition of non-joinable critical pairs, where acritical pair is joinable if it can be rewritten into a tautology s ' s.This idea of saturation can be generalized: a set of formulae S is saturated fora given inference system I if S is closed under I, up to redundant inferences.Roughly, a saturation procedure adds conclusions of non-redundant inferences andremoves redundant formulae. In the limit such a procedure produces a saturatedset. Therefore, in the setting of �rst-order clauses, proving the refutation complete-ness of saturation amounts to showing that the empty clause 2 is in S for everyunsatis�able saturated set of clauses S.



Paramodulation-based theorem proving 7Concrete simpli�cation methods in the context of paramodulation were discussedalready in [Wos, Robinson, Carson and Shalla 1967, Slagle 1974, Loveland 1978,Peterson 1983]. Bachmair and Ganzinger [1994b] de�ne abstract notions of redun-dancy for inferences and for clauses. For example, a ground clause C is redundantwith respect to a set of ground clauses S if C is a logical consequence of smaller (withrespect to the given clause ordering) clauses of S. These redundancy notions coverwell-known practical simpli�cation and elimination techniques, like demodulation(that is, simpli�cation by rewriting with unit equations) or subsumption (removinga clause of the form C�_D in the presence of a more general clause C), as well asmany other more powerful methods. For establishing the refutation completenessof saturation, a model is built for every saturated set not containing the emptyclause. Several of the calculi and redundancy techniques explained in this chap-ter are available in the Saturate system [Nivela and Nieuwenhuis 1993, Ganzinger,Nieuwenhuis and Nivela 1999]. In Section 4 of this chapter, saturation proceduresare introduced.1.4. Computing with �nite saturated setsDue to the re�ned inference rules and redundancy notions, it is sometimes possibleto compute a �nite saturated set (not containing the empty clause) for a given input.In this case its satis�ability has been proved. This kind of satis�ability provinghas of course many applications and is also closely related to inductive theoremproving (see [Comon and Nieuwenhuis 2000] and Chapter [chapter with id comon]of this handbook). The Spass system [Weidenbach 1997] has successfully appliedsaturation to prove satis�ability for all problems in the corresponding category ofthe 1997 CADE theorem proving competition [Sutcli�e and Suttner 1998].Theorem proving in theories expressed by saturated sets of axioms is also in-teresting because more e�cient proof strategies become (refutation) complete. Forinstance, the set-of-support strategy, which is incomplete in general for ordered in-ference systems and also for equality clauses, becomes complete for saturated setsS: no inferences between clauses in S are needed. Another well-known example isthe completeness of rewriting with saturated sets of unit equations: saturated setsare con
uent. For sets of conditional equations E or, equivalently, of Horn clauses,similar completeness results exist for conditional rewriting if E ful�lls some syn-tactic requirements (e.g., in certain clauses the maximal terms must contain allvariables). In general, the more such requirements are ful�lled by the saturatedsets, the more restrictive proof strategies become complete. This sometimes leadsto decision procedures, like the ones by rewriting for saturated sets of (conditional)equations. Computation with saturated sets is covered in Section 4.5 of this chapter.Some decision procedures are described in Section 8.2.



8 R. Nieuwenhuis and A. Rubio1.5. Paramodulation with constrained clausesThe advantages of constrained formulae are nowadays widely recognized inthe context of logic programming. The �rst ideas for speci�c applications toparamodulation-based theorem proving were given in [Peterson 1990, Kirchner,Kirchner and Rusinowitch 1990]. The semantics of a clause C with a constraint T ,written C jj T , is simply the set of all ground instances C� of C such that � is asolution of T . For example, if = denotes syntactic equality of terms, the constrainedclause P (x) jj x= f(y) ^ y > a denotes4 all ground atoms P (f(t)) such that t isgreater than a in the given term ordering �. Hence if T is unsatis�able then C jj Tis a tautology.In [Kirchner et al. 1990] ordered paramodulation inference rules were expressedfor the �rst time by explicitly formulating the ordering and equality restrictions ofthe inferences by constraints at the formula level. This gives:C _ s ' t jj T D jj T 0C _D[t]p jj T ^ T 0 ^ s=Djp ^ OCwhere T and T 0 are the constraints inherited from the premises, the equality con-straint s = Djp stores the uni�cation restriction, and OC is an ordering constraintof the form s>t ^ : : : encoding the ordering restrictions imposed by this inference.However, the completeness results of [Kirchner et al. 1990] were limited since theyrequired to enumerate the solutions of the constraints and propagate (i.e., apply)these solutions to the clause part.Constraints are closely related to the so-called basic strategies, where no infer-ences need to be computed on subterms generated in uni�ers of ancestor inferencesteps (like its counterpart in E-uni�cation, called basic narrowing [Hullot 1980a]).It is clear that if such an inference system with inherited constraints is applied with-out propagation, then it is basic: the inferences only take place on the clause partC of a formula C jj T , and no uni�ers are ever applied to C, since the uni�cationrestrictions are simply stored in the constraint part T .Nieuwenhuis and Rubio [1992a, 1995] showed that, in the context of superposi-tion, indeed propagation of the equality constraints is not needed, thus proving thecompleteness of basic superposition. By using closure substitutions, which play therole of equality constraints, the same results were obtained independently by Bach-mair and others [1992, 1995], giving additional re�nements based on term selectionrules and redex orderings. These developments took place independently of muchearlier work in Russia by Degtyarev [1979], who used conditional clauses (whichcan in fact be seen as clauses with syntactic equality constraints) for describinga form of basic paramodulation without ordering restrictions (see also [Degtyarevand Voronkov 1986]).4Note that > and = are used as syntax in the constraint language. Their semantics will be agiven term ordering � and a given congruence (usually syntactic equality of terms) that dependon the context.



Paramodulation-based theorem proving 9In [Nieuwenhuis and Rubio 1992b] it is shown that by inheriting as well the or-dering constraints one can restrict the search space even further without losingcompleteness. In [Lynch and Snyder 1993] equality, disequality and irreducibilityconstraints are applied for obtaining more powerful redundancy methods in basicequational completion. Finally, in [Nieuwenhuis and Rubio 1995] the use of con-straints in theorem proving procedures is put in a more general framework basedon the notion of constraint inheritance strategies.The main idea in all these strategies is that the ordering and equality restrictionsof the inferences can be kept in constraints and inherited between clauses. If someinference is not compatible with the required restrictions, applied to the currentinference rule and to the previous ones, then the inference can be blocked. There-fore, for taking advantage of the constraints, algorithms for constraint satis�abilitychecking are required. In Section 7 of this chapter a short survey of the state ofthe art on such algorithms is given. Paramodulation with constrained clauses, thebasic strategy and the corresponding completeness results are explained in detailin Sections 5.1 and 5.2.1.6. Paramodulation with built-in equational theoriesIn principle, the aforementioned paramodulation methods apply to any set ofclauses with equality, but in some cases special treatments for speci�c equationalsubsets of the axioms are preferable. On the one hand, some axioms generate manyslightly di�erent permuted versions of clauses, and for e�ciency reasons it is manytimes better to treat all these clauses together as a single one representing thewhole class. On the other hand, special treatments can avoid non-termination ofcompletion procedures, like with f(a; b) ' c in the presence of associativity andcommutativity axioms for f . Also, some equations like the commutativity axiomare more naturally viewed as \structural" axioms (de�ning a congruence relationon terms) rather than as \simpli�ers" (de�ning a reduction relation). This allowsone to extend completion procedures in order to deal with congruence classes ofterms instead of single terms, i.e., working with a built-in equational theory E, andperforming rewriting and completion with special E-matching and E-uni�cationalgorithms.Early results on paramodulation and rewriting modulo E were given by Plotkin[1972], Slagle [1974] and Lankford and Ballantine [1977] and extended E-rewritingwas de�ned by Peterson and Stickel [1981]. Several E-completion procedures forthe equational case were developed e.g. in [Lankford and Ballantyne 1977, Huet1980, Peterson and Stickel 1981, Jouannaud 1983, Jouannaud and Kirchner 1986,Bachmair and Dershowitz 1989]. Special attention has always been devoted to thecase where E includes axioms of associativity and commutativity (AC), which occurvery frequently in practical applications, and are well-suited for being built in dueto their permutative nature.The generalization of these E-completion techniques to full �rst-order clauseswith equality has been studied in e.g. [Paul 1992, Wertz 1992, Rusinowitch and



10 R. Nieuwenhuis and A. RubioVigneron 1995, Bachmair and Ganzinger 1994a], usually with particular treatmentsfor the AC case. Paramodulation modulo E then becomes roughly the followingrule, which has one conclusion for each � in UE(s;Djp), a minimal complete set ofE-uni�ers of Djp and s:C _ s ' t D( C _D[t]p )� for all uni�ers � in UE ( s; Djp )Note that in general there is no unique most general E-uni�er for a given E-uni�cation problem, and that new variables may appear: for example, if f is anAC-symbol, then f(x; a) and f(y; b) have the two AC-uni�ers �1 = fx 7! b; y 7! agand �2 = fx 7! f(b; z); y 7! f(a; z)g. In Section 6 of this chapter we introduce someof the main techniques on paramodulation modulo equational theories.1.7. Basic paramodulation with built-in equational theoriesFor an equational theory E, the number of E-uni�ers of two terms may be large. Forinstance, the cardinality of a minimal complete set of AC-uni�ers is doubly expo-nential in general [Domenjoud 1992] (in a sense, this is also an upper bound [Kapurand Narendran 1992]). Hence a single E-paramodulation inference can generate alarge number of new clauses.Therefore, equality constraints become extremely useful in this context. In con-strained E-paramodulation, instead of E-unifying the terms, the uni�cation prob-lem is stored in the constraint. Hence in the constrained superposition inferencerule given in Section 1.5, the semantics of the symbol `=' in the equality constraints = Djp becomes E-equality. Dealing with a constrained clause C jj s = t can bemuch more e�cient than having n clauses C1; : : : ; Cn, one for each E-uni�er of sand t, since many inferences are computed at once, and each inference generatesone single conclusion. Furthermore, computing E-uni�ers is not needed. A clauseC with an E-equality constraint T can be proved redundant by means of e�cient(sound, but possibly incomplete) methods for detecting unsatis�able T . If C is theempty clause, a contradiction has been derived if, and only if, the constraint part Tis satis�able, and hence in this case refutation completeness requires a semi-decisionprocedure for detecting these contradictions. Such a procedure exists for every �niteE.The completeness of such a fully basic strategy for the AC-case (combined withordering constraints) was �rst proved in [Nieuwenhuis and Rubio 1994, Nieuwenhuisand Rubio 1997], although the �rst results on (almost basic) constrained deductionmethods modulo AC were reported in [Vigneron 1994]. The basicness restriction isconsidered to \have been a key strategy" by McCune [1997b] in his celebrated AC-paramodulation-based proof of the Robbins problem. In Section 6.3 of this chapterbasic paramodulation modulo AC is explained.



Paramodulation-based theorem proving 112. PreliminariesIn order to keep this chapter self-contained, here we introduce the main basic toolsused: terms, rewriting, term orderings, �rst-order equality clauses and equality Her-brand interpretations. Most (if not all) of our de�nitions are consistent with Chap-ter [chapter with id rewriting] of this handbook.2.1. Terms and (rewrite) relationsLet F be a signature, a (�nite) set of function symbols with an arity functionarity :F ! IN and let X be a set of variable symbols. Function symbols f witharity(f) = n are called n-ary symbols (when n = 1, one says unary and whenn = 2, binary). If arity(f) = 0, then f is a constant symbol. The set of �rst-orderterms over F and X , denoted by T (F ;X ), is the smallest set containing X such thatf(t1; : : : ; tn) is in T (F ;X ) whenever f 2 F , arity(f) = n, and t1; : : : ; tn 2 T (F ;X ).Similarly, T (F) is the set of variable free or ground terms. Note that T (F) = ;if there are no constant symbols in F . As usual, along this chapter it is thereforeassumed that there is at least one constant symbol in F .A position is a sequence of positive integers. If p is a position and t is a term, thenby tjp we denote the subterm of t at position p: we have tj� = t (where � denotes theempty sequence) and f(t1; : : : ; tn)ji:p = tijp if 1 � i � n (and is unde�ned if i > n).We also write t[s]p to denote the term obtained by replacing in t the subterm atposition p by the term s. For example, if t is f(a; g(b; h(c)); d), then tj2:2:1 = c, andt[d]2:2 = f(a; g(b; d); d). We say that a a variable (or function symbol) x occurs (atposition p) in a term t if tjp is (rooted by) x. By vars(t) we denote the set of allvariables occurring in t. If t is a term of the form f(t1; : : : ; tn), then we de�ne top(t)to be the function symbol f . The syntactic equality of two terms s and t will bedenoted by s � t.A substitution � is a mapping from variables to terms. It can be extended toa function from terms to terms in the usual way: using a post�x notation, t�denotes the result of simultaneously replacing in t every x 2 Dom(�) by x�. Heresubstitutions are sometimes written as sets of pairs x 7! t, where x is a variable andt is a term. For example, if � is fx 7! f(b; y); y 7! ag, then g(x; y)� is g(f(b; y); a)(this example illustrates the simultaneous replacement: applying � \from left toright" yields g(f(b; a); a), which is not the intended meaning).A substitution � is ground if its range is T (F). Unless stated otherwise, we willassume that ground substitutions � applied to a term t are also grounding , that is,vars(t) � Dom(�), and hence t� is ground. A term t matches a term s if s� � tfor some �. Then t is called an instance of s.A term t is uni�able with a term s if s� � t� for some substitution �. Then � iscalled a uni�er of s and t. Furthermore, a substitution � is called a most generaluni�er of s and t, denoted mgu(s; t), if s� � t�, and for every other uni�er � of sand t, it holds that s� � s��0 � t� � t��0 for some �0, that is, roughly, if everyother uni�er � is a particular instance of �. We sometimes speak about the mgu of



12 R. Nieuwenhuis and A. Rubios and t because it is unique up to variable renaming (see Chapter [chapter with iduni�cation] of this handbook for details and for uni�cation algorithms computingmgu's).A multiset over a set S is a function M :S ! IN . The union and intersection ofmultisets are de�ned as usual by M1[M2(x) = M1(x)+M2(x), and M1\M2(x) =min(M1(x);M2(x)). We also use a set-like notation:M = fa; a; bg denotes M (a) =2,M (b) = 1, andM (x) = 0 for x 6� a and x 6� b. A multisetM is empty ifM (x) = 0for all x 2 S.If ! is a binary relation, then  is its inverse, $ is its symmetric closure, !+is its transitive closure and !� is its re
exive-transitive closure. We write s!! t ifs!� t and there is no t0 such that t! t0. Then t is called irreducible and a normalform of s (w.r.t.!). The relation! is well-founded or terminating if there exists noin�nite sequence s1 ! s2 ! : : : and it is con
uent or Church-Rosser if the relation � � !� is contained in!� �  �. It is locally con
uent if �! � !� �  �. ByNewman's lemma, terminating locally-con
uent relations are con
uent. A relation! on terms is monotonic if s ! t implies u[s]p ! u[t]p for all terms s, t and uand positions p. A congruence is a re
exive, symmetric, transitive and monotonicrelation on terms.An equation is a multiset fs; tg, denoted s ' t or, equivalently, t ' s. A rewriterule is an ordered pair (s; t), written s ) t, and a set of rewrite rules R is arewrite system. The rewrite relation with R on T (F ;X ), denoted!R, is the smallestmonotonic relation such that l� !R r� for all l ! r 2 R and all �. If s !R t thenwe say that s rewrites into t with R. We say that R is terminating, con
uent, etc.if!R is. A rewrite system R is called convergent if it is con
uent and terminating.It is not di�cult to see that then every term t has a unique normal form w.r.t.!R,denoted by nfR(t), and s = t is a logical consequence of R (where R is seen as a setof equations) if and only if nfR(s) = nfR(t). Sometimes the congruence relations(on T (F)) $�R (or $�E) are denoted by R� (E�) or =R (=E).2.2. Term orderingsA (strict partial) ordering � is a transitive and irre
exive binary relation. An or-dering � on terms is stable (or closed) under substitutions if s � t implies s� � t�for all s, t and �; it ful�lls the subterm property if u[s]p � s for all s, u and p 6= �.It is total on T (F) if for all s and t in T (F), either s = t or s � t or t � s; if = isa congruence di�erent from syntactic equality, we speak about totality up to =.A rewrite ordering is a monotonic ordering stable under substitutions; a reductionordering is a well-founded rewrite ordering, and a simpli�cation ordering is a rewriteordering with the subterm property.The following properties are not di�cult to check: a reduction ordering totalon T (F) is necessarily a simpli�cation ordering on T (F); by Kruskal's theorem,simpli�cation orderings are well-founded (for �nite, �xed-arity signatures); and arewrite system R is terminating if and only if all its rules are contained in a reductionordering �, i.e., l � r for every l ! r 2 R (in fact, then !+R is itself a reduction



Paramodulation-based theorem proving 13ordering).Let � be an ordering on terms and let = be a congruence relation. Then � iscalled compatible with = if s0 = s � t = t0 implies s0 � t0 for all s,s0,t and t0. If E isa set of equations, then � is called E-compatible if it is compatible with =E. Notethat if � is E-compatible, s =E t implies s 6� t and t 6� s.Let � be an ordering on terms and let = be a congruence relation such that � iscompatible with =. Then these relations induce relations on tuples and multisetsof terms as follows.The lexicographic (left to right) extension of � with respect to = is the relation�lex on n-tuples of terms de�ned by:hs1; : : : ; sni �lex ht1; : : : ; tni if s1 = t1; : : : ; sk�1 = tk�1 and sk � tkfor some k in 1 : : :n. It is well-known that, if � is well founded, so is �lex.The multiset extension of = is de�ned as the smallest relation == on multisetsof terms such that ; == ; andS [ fsg == S0 [ ftg if s = t ^ S == S0The multiset extension of � with respect to = is de�ned as the smallest ordering�� (or �mul) on multisets of terms such thatM [ fsg �� N [ ft1; : : : ; tng if M == N and s � ti for all i 2 1 : : :nSometimes the notation �� is used without explicitly indicating which is the con-gruence =. In these cases = is assumed to be the syntactic equality relation � onterms. If � is well founded on S, so is �� on �nite multisets over S [Dershowitzand Manna 1979].A way to de�ne suitable orderings for practical purposes (like termination prov-ing or automated deduction) is to construct them directly from a well-foundedprecedence, an ordering �F on F . This is done in the so-called path orderings, likethe lexicographic path ordering (LPO) or the recursive path ordering (with status)(RPO) [Kamin and Levy 1980, Dershowitz 1982].Let �F be a precedence and let F be the disjoint union of two sets lex andmul, the symbols with lexicographic and multiset status, respectively. By =mul wedenote the equality of ground terms up to the permutation of direct arguments ofsymbols with multiset status: f(s1; : : : ; sm) =mul g(t1; : : : ; tn) if f = g and hencem = n, and s�(i) =mul ti for 1 � i � n and where � is a permutation of 1 : : :nwhich is the identity if f 2 lex.In this setting, RPO is de�ned as follows: s �rpo x if x is a variable that is aproper subterm of s or else s � f(s1 : : : sn) �rpo t � g(t1 : : : tm) if at least one ofthe following conditions holds:� si �rpo t or si =mul t, for some i 2 f1 : : :ng� f �F g, and s �rpo tj, for all j in f1 : : :mg� f � g (and hence n=m) and f 2 mul and fs1; : : : ; sng ��rpo ft1; : : : ; tng� f � g (and hence n=m) and f 2 lex, hs1; : : : ; sni �lexrpo ht1; : : : ; tni, and s �rpotj, for all j in f1 : : :ng



14 R. Nieuwenhuis and A. Rubiowhere �lexrpo and ��rpo are, respectively, the lexicographic and multiset extensionsof �rpo with respect to =mul.The lexicographic path ordering (LPO) is de�ned as the particular case of anRPO where F = lex, i.e., where all symbols have a lexicographic status.It is known that RPO is a reduction ordering on T (F ;X ), which is moreovertotal on T (F) up to =mul (and hence in case of LPO, total up to �) if �F is totalon F [Kamin and Levy 1980, Dershowitz 1982].LPO's are useful for extending reduction orderings � that are total up to acongruence = (like RPO is total up to =mul), to reduction orderings total up to �.This extension is obtained by a lexicographic combination�t whose �rst componentis �, and whose second component is a total LPO �lpo, that is, s �t t if eithers � t or s = t and s �lpo t.It is not di�cult to see that RPO is C-compatible (C for commutativity) ifcommutative symbols have multiset status, but it is not AC-compatible.2.3. Equality clauses and Herbrand interpretationsA clause is a pair of �nite multisets of equations � (the antecedent) and � (thesuccedent), denoted by �! �. We sometimes use a comma in clauses to denote theunion of multisets or the inclusion of equations in multisets; for example, we writes ' t;�;�0! � instead of fs ' tg [ � [ �0 ! �. Clauses e1; : : : ; en ! e01; : : : ; e0mare sometimes (equivalently) written as a disjunction of equations and negatedequations :e1 _ : : : _ :en _ e01 _ : : : _ e0m. Hence, the ei are called the negativeequations, and the e0j the positive equations, respectively, of the clause.A clause �! � is called a Horn clause if � contains at most one equation. Theempty clause 2 is a clause �! � where both � and � are empty. A positive (resp.negative) clause is a clause �! � where � (resp. �) is empty, and a unit clause isa clause with exactly one literal.We will use all aforementioned notions and notations de�ned for terms t, like tjp,t[s]p, vars(t), t�, etc., as well for equations and clauses in the expected way. Forexample, a term u occurs in a clause �! � if t ' s 2 �[� and tjp ' u for someposition p.Let R be a set of ground equations (or rewrite rules). Then the congruence $�Rde�nes an equality Herbrand interpretation I: the domain of I is T (F), each n-aryfunction symbol f of F is interpreted as the function fI where fI(t1; : : : ; tn) isthe term f(t1; : : : ; tn), and where the only predicate ' is interpreted by s ' t ifs $�R t. The interpretation I de�ned by R in this way will be denoted by R�. Wewrite s = t 2 I if s$�R t. I satis�es (is a model of) a ground clause �! �, denotedI j= � ! �, if I 6� � or I \� 6= ;. The empty clause 2 is hence satis�ed by nointerpretation. I satis�es a non-ground clause C if I satis�es all ground instancesof C. I satis�es a set of clauses S, denoted by I j= S, if it satis�es every clause inS. A clause C is a logical consequence of (or C follows from) a set of clauses S,denoted by S j= C, if C is satis�ed by every model of S.



Paramodulation-based theorem proving 152.4. Constraints and constrained clausesAn (ordering and equality) constraint is a quanti�er-free �rst-order formula builtover the binary predicate symbols > and = relating terms in T (F ;X ). Regardingsemantics, the constraints are interpreted in T (F), and = is interpreted as somecongruence =c on T (F) (like syntactic equality or AC-equality) and > is interpretedas a given reduction ordering � on ground terms that is total up to =c. Hence asolution of a constraint T is a ground substitution � with domain vars(T ) and suchthat T� evaluates to true for the given =c and �. If a solution for T exists, then Tis called satis�able. If every ground substitution with domain vars(T ) is a solutionof T then T is a tautology.A constrained clause is a pair C jj T where C is a clause and T is a constraint.A ground instance of C jj T is a ground clause C� where � is a solution of T .The semantics of C jj T is the set of all its ground instances. Hence, by de�nition,an interpretation I satis�es C jj T if I j= C� for every ground instance C� ofC jj T . Therefore, clauses with unsatis�able constraints are tautologies. A clauseC jj T is the constrained empty clause, denoted as well by 2, if C is empty andT is satis�able. Constrained clauses C jj T where T is a tautology are sometimesdenoted by C, omitting the constraint part T .3. Paramodulation calculiA logical inference is a step by which from a multiset of zero or more constrainedclauses (the premises) a new constrained clause (the conclusion) is obtained. Aninference rule R C1 jj T1 : : : Cn jj TnD jj T if conditionis (a �nite representation of) the set of inferences where from the multiset of clausesof the form fC1 jj T1 : : : Cn jj Tng one can infer D jj T if condition holds. One suchan inference is called an inference by R. An inference system I is a set of inferencerules. An inference by I is an inference by one of the rules of I. We will frequentlyconsider inference rules where premises or conclusions have constraints that aretautologies and hence these constraints are omitted.An inference rule R is correct if, for all inferences by R, the conclusion is a logicalconsequence of the premises, and an inference system is correct if all its rules arecorrect. A set of constrained clauses S is closed under I if for every inference by Iwith premises in S, the corresponding conclusion is in S. I is refutation completeif 2 2 S for every unsatis�able set of constrained clauses S closed under I. Allinference systems in the remainder of this chapter are easily proved correct, and wewill focus on completeness.



16 R. Nieuwenhuis and A. Rubio3.1. The model generation methodWe start with a simple example on ground Horn clauses in order to introduce themodel generation method, the standard technique for establishing the completenessof ordered paramodulation calculi that will be used throughout this chapter. Notethat if C jj T is a constrained clause where C is ground and T is satis�able, thenit is equivalent to C jj > where > denotes a tautological constraint. Hence in theremainder of this section constraints will be omitted.In the following, let � be a given total reduction ordering on T (F), and let s � tdenote s � t_ s � t. The inference system G for ground Horn clauses with equalityis the following:superposition right:�0 ! l ' r �! s ' t�0;�! s[r]p ' t if sjp � l, l � r, s � t, andl � u for all u occurring in �0, ands � v for all v occurring in �superposition left:�0 ! l ' r �; s ' t! ��0;�; s[r]p ' t! � if sjp � l, l � r, s � t, andl � u for all u occurring in �0, ands � v for all v occurring in �;�equality resolution:�; s ' s! ��! � if s � v for all v occurring in �;�Let us remark that the equality resolution rule is named after the fact that itencodes a resolution inference with the re
exivity axiom of equality x ' x,It is sometimes said that in the superposition rules the inferences take place withthe term l on the term s, and that the inference involves s and l. Note that in G,superposition right inferences involve only terms s and l that are strictly maximal intheir respective premises, that is, they are bigger w.r.t. � than all other occurrencesof terms in these premises. Superposition left takes place also with strictly maximalterms, but on (possibly non-strictly) maximal terms (that is, they are larger thanor equal to all terms in their premise).In order to prove the refutation completeness of G we �rst de�ne the followingtotal ordering �c on ground clauses. If C is a clauses1 = s01; : : : ; sn = s0n ! t1 = t01; : : : ; tm = t0mthen we de�ne ms(C) as the multiset:ffs1; s1; s01; s01g; : : : ; fsn; sn; s0n; s0ng; ft1; t01g; : : : ; ftm; t0mgg



Paramodulation-based theorem proving 17Finally, let �c be the ordering on clauses de�ned by comparing these expressionsby the two-fold multiset extension of �, that is, C �c D if ms(C)(�mul)mulms(D).The result is a total ordering on ground clauses5.Now we come to the key to the model generation method. Our aim is to provethe completeness of G. We do this by showing that, if S is a set of ground Hornclauses closed under G and 2 =2 S, then S is satis�able. The satis�ability proof of Sis of a constructive nature: �rst, an equality Herbrand interpretation will be built,and second, it will be shown that this interpretation is a model of S.We now informally explain the �rst part. The interpretation we build will be thecongruence R� induced by a set of ground rewrite rules R, where each rule in Rhas been generated by some clause of S (hence the name \model generation"). Thegeneration process of R is de�ned by induction on �c. Each clause C in S generatesa rule or not, depending on the set RC of rules generated by clauses D of S withC �c D (and on the congruence R�C induced by RC). These ideas are formalised asfollows:3.1. Definition. (Model generation) Let C be a clause in S. Then Gen(C) =fl ) rg, and C is said to generate the rule l ) r, if, and only if, C is of the form�! l ' r and the three following conditions hold:1. R�C 6j= C,2. l � r and l � u for all u occurring in �3. l is irreducible by RCwhere RC = SC�cD Gen(D). In all other cases Gen(C) = ;. Finally, R denotesthe set of all rules generated by clauses of S, that is, R = SD2S Gen(D).Let us analyse the three conditions. The �rst one states that a clause only con-tributes to the model if it does not hold in the partial model built so far and hencewe are forced to extend this partial model. The second one states that a clause canonly generate a rule l) r if l is the strictly maximal term of the clause. The thirdcondition, stating that l is irreducible by the rules generated so far, is, togetherwith the second one, the key for showing that R is convergent, from which thecompleteness result quite easily follows:3.2. Lemma. For every set of ground clauses S, the set of rules R generated forS is convergent (i.e., con
uent and terminating). Furthermore, if R�C j= C thenR� j= C for all ground C.Proof. Evidently, R is terminating since l � r for all its rules l ) r. To provecon
uence, it su�ces to show local con
uence, which in the ground case is well-known (and easily shown) to hold if there are no two di�erent rules l ) r andl0 ) r0 where l0 is a subterm of l. This property is ful�lled: clearly when a clause5Roughly, �c compares the multisets of all equations occurring in the clauses, but where inaddition terms occurring negatively have slightly more weight than the ones occurring positively;in fact, in order to make �c total on ground clauses, the information of which equations arepositive and which ones are negative has to be present anyway.



18 R. Nieuwenhuis and A. RubioC in S generates l ) r, no such l0 ) r0 is in RC; but if l0 ) r0 is generated by aclause D with D �c C then, by de�nition of �c, we must have l0 � l and hence l0cannot be a subterm of l either.To show R�C j= C implies R� j= C, let C be � ! �, and assume R�C j= C. IfR�C j= � then R� j= � since R � RC. Otherwise, R�C 6j= �. Then R� 6j= � followsfrom the fact a term t occurring negatively in a clause is bigger than the same toccurring positively: all rules in R n RC are generated by clauses bigger than C,and hence have left hand sides that are too big to reduce any term occurring in �.Since R is convergent this implies R� 6j= �. 23.3. Theorem. The inference system G is refutation complete for ground Hornclauses.Proof. Let S be a set of ground Horn clauses that is closed under G and such that2 =2 S. We prove that then S is satis�able by showing that R� is a model for S. Weproceed by induction on �c, that is, we derive a contradiction from the existenceof a minimal (w.r.t. �c) clause C in S such that R� 6j= C. There are a number ofcases to be considered, depending on the occurrences in C of its maximal term s,i.e., the term s such that s � u for all terms u in C (s is unique since � is total onT (F)):1. s occurs only in the succedent and C is � ! s ' s. This is not possible sinceR� 6j= C.2. s occurs only in the succedent and C is � ! s ' t with s 6� t. Since R� 6j= C,we have R� � � and s ' t =2 R�, i.e., C has not generated the rule s) t. Thismust be because s is reducible by some rule l ) r 2 RC. Assume l ) r hasbeen generated by a clause C0 of the form �0 ! l ' r. Then there exists aninference by superposition right:�0 ! l ' r �! s ' t�0;�! s[r]p ' twhose conclusion D has only terms u with s � u, and hence C �c D. Moreover,D is in S and R� 6j= D, since R� � � [ �0 and s[r]p ' t =2 R� (since otherwises[l]p ' t 2 R�). This contradicts the minimality of C.3. s occurs in the antecedent and C is �; s ' s! �. Then there exists an inferenceby equality resolution: �; s ' s! ��! �for whose conclusion D it holds that C �c D. Moreover, D is in S and R� 6j= D,which is a contradiction as in the previous case.4. s occurs in the antecedent and C is �; s ' t! � with s � t. Since R� 6j= C, wehave s ' t 2 R� and since R is convergent, s and t must have the same normalforms w.r.t. R, so s must be reducible by some rule l ) r 2 R. Assume l ) r



Paramodulation-based theorem proving 19has been generated by a clause C0 of the form �0 ! l ' r. Then there existsan inference by superposition left:�0 ! l ' r �; s[l]p ' t! ��0;�; s[r]p ' t! �for whose conclusion D it holds that C �c D. Moreover, D is in S and R� 6j= D,which again contradicts the minimality of C. 2The following example shows how the rewrite system R changes during a closureof a set of ground clauses and that, although for the intermediate sets the obtainedR� is not a model, the R� obtained for the closed set is a model.3.4. Example. Consider the lexicographic path ordering generated by the prece-dence f �F a �F b �F c �F d. The following table shows in the left column theground Horn clauses (sorted with respect to the ordering) at each closure step, inwhich the �rst one is the initial set, and in the right column the set R correspondingto each intermediate set. The maximal term of every clause is underlined and thesubterms of the clauses involved in the inference are framed.S R! c ' df(d) ' d! a ' b! f( c ) ' d c) d! c ' d! f(d) ' df(d) ' d! a ' b! f(c) ' d c) df(d)) d! c ' dd ' d! a ' b! f(d) ' df(d) ' d! a ' b! f(c) ' d c) da) bf(d)) d



20 R. Nieuwenhuis and A. RubioLet us conclude this section with a remark on additional ordering restrictions.In superposition left as well as in equality resolution, it is possible to strengthenthe conditions in such a way that only one negative literal becomes eligible forinferences. For example, in superposition left on an equation s ' t, one can requirethat t � t0 for all equations s ' t0 in �, that is, we use the maximal equationrather than just the maximal term; if two equations have the same maximal terms,we compare the other terms. Similarly, in equality resolution we can require s �t0 for all equations s ' t0 in �. In the inference system for general clauses (seeSubsection 3.5) we have included these restrictions, since such comparisons betweenequations are needed there anyway. We did not consider them for G for simplicityreasons, and also because by means of selection of negative equations we will beable to obtain stronger results in a simpler way (see Subsection 3.6).3.2. Non-equality predicatesIn this framework, equality can be considered to be the only predicate, since forevery other predicate symbol p, (positive or negative) atoms p(t1 : : : tn) can beexpressed as (positive or negative) equations p(t1 : : : tn) ' true, where true is anew special symbol, and where p is considered as a function symbol rather than asa predicate symbol. Note however that, in order to avoid meaningless expressions inwhich predicate symbols occur at proper subterms one should adopt a two-sortedtype discipline on terms in the encoding.It is easy to see that this transformation preserves satis�ability. Very roughly: onecan \translate" the interpretations such that a ground atom is true in a Herbrandinterpretation I if and only if in the equality Herbrand interpretation I0 over themodi�ed signature the term p(t1 : : : tn) is congruent to true. Be we remark that Iand I0 are not isomorphic since two ground atoms that are false in I need not bein the same congruence class of I0.After this satis�ability preserving transformation, ordered resolution (ground)inferences of the form:�0 ! A �; A! ��0;�! � if A � �0 and A � �;�.become a special case of superposition left:�0 ! A ' true �; A ' true ! ��0;�; true ' true ! �combined with equality resolution (or simpli�cation, as we will see) for eventuallyeliminating the trivial equation true ' true.For e�ciency reasons it is convenient to make true small in the ordering. Some-times it is also useful to take into account that p is a predicate symbolwhen handlingthe ordering restrictions. For example, in orderings like RPO, if the predicate sym-bols p are bigger in the precedence than function symbols then p �F q impliesp(t1; : : : ; tn)� �lpo q(s1; : : : ; sm)� for all ground �.



Paramodulation-based theorem proving 213.3. Clauses with variablesUp to now, in this section we have only dealt with ground clauses. If we considerthat a non-ground clause represents the set of all its ground instances6, a refutationcomplete method for the non-ground case would be to systematically enumerate allground instances of the clauses, and to perform inferences by G between thoseinstances. But fortunately it is possible to perform inferences between non-groundclauses, covering in one step a possibly large number of ground inferences. We nowadapt G according to this view.For example, at the ground level, in the superposition right inference�0 ! l ' r �! s ' t�0;�! s[r]p ' t if sjp � l, l � r, s � t, andl � u for all u occurring in �0, ands � v for all v occurring in �we required sjp and l to be the same term. At the non-ground level, this becomes aconstraint sjp = l on the possible instances of the conclusion, that is, the conclusionis a constrained clause D jj T . Hence if the conclusion is D jj sjp = l ^ : : : , theinstances D� for which sjp� 6� l� are not created. The same is done for the orderingrestrictions. For instance, instead of requiring l � r as a condition of the inference,it becomes part of the constraint of the conclusion, excluding those instances D�of the conclusion that correspond to ground inferences between instances of thepremises for which l� � r� does not hold:�0 ! l ' r �! s ' t�0;�! s[r]p ' t jj sjp= l ^ l>r ^ s>t ^ : : :Note that here we have written the inference rule without constraints in its premises,since at this point we are only interested in the constraints that are generated inthis concrete inference. In Section 5 paramodulation with constraints inherited fromthe premises with be considered in detail.This inference rule can be further restricted with the additional condition statingthat the inference is not necessary if sjp is a variable. This shows that, by working onthe non-ground level, certain inferences between ground instances of the premisesturn out to be redundant: at the non-ground level we do not perform, for an instancewith �, the inferences inside � (also called inferences below variables), that is, onpositions s�jp where sjp0 is a variable for some pre�x p0 of p.Note that, as usual, it may be necessary to rename variables in the premises inorder to avoid name clashes: the premises C and D are assumed to ful�ll vars(C)\vars(D) = ;.Now we de�ne the inference system H for non-ground Horn clauses, writing s>�as a shorthand for the constraint s>u1 ^ s>v1 ^ : : :^ s>un ^ s>vn if6By Herbrand's theorem, considering only the ground instances preserves satis�ability; in fact,this is a consequence of (the proof of) Theorem 3.10.



22 R. Nieuwenhuis and A. Rubio� is a multiset of equations fu1 ' v1; : : : ; un ' vng (and similarly, we write s � �for s�u1 ^ s�v1 ^ : : :^ s�un ^ s�vn):superposition right: �0 ! l ' r �! s ' t�0;�! s[r]p ' t jj sjp= l ^ l>r ^ l>�0 ^ s>t ^ s>�superposition left: �0 ! l ' r �; s ' t! ��0;�; s[r]p ' t! � jj sjp= l ^ l>r ^ l>�0 ^ s>t ^ s��;�equality resolution:�; s ' t! ��! � jj s= t ^ s � �;�where in both superposition rules sjp is required not to be a variable.3.5. Example. Consider the lexicographic path ordering generated by the prece-dence h �F a �F f �F g �F b. In the following inferenceg(x) ' x! f(a; x) ' f(x; x) ! h(f(a; g(y)) ' h(y)g(x) ' x! h(f(x; x)) ' h(y) jj f(a; x)=f(a; g(y)) ^ h(f(a; g(y))>h(y) ^f(a; x)>f(x; x) ^ f(a; x)>g(x) ^ f(a; x)>xthe constraint of the conclusion is satis�able: using the properties of the orderingand solving the uni�cation problem, the constraint can be simpli�ed intox=g(y) ^ a>xwhich has, for instance, the solution fy 7! b; x 7! g(b)g.On the other hand, the following inference is not needed! f(x; x) ' f(a; x) ! f(g(y); z) ' h(z)! f(a; x) ' h(z) jj f(x; x)=f(g(y); z) ^ f(g(y); z)>h(z) ^f(x; x)>f(a; x)since the constraint of the conclusion has no solution; it can be simpli�ed tox=g(y) ^ x=z ^ y � h(z) ^ x>awhich implies y � h(g(y)). Note that the equality constraint and the orderingconstraint considered separately are both satis�able but their conjunction is not. 2Let us also remark that, at the non-ground level, several terms in a premise Cmay be involved in paramodulation inferences; for a term t it may be the casethat for some ground instances C� the term t� is the maximal one, and for otherinstances it is not.



Paramodulation-based theorem proving 233.4. Completeness without constraint inheritanceThere are several possible treatments for the constrained clauses generated by theinference system H. The classical view is to deal only with unconstrained clauses.Conclusions of the form C jj s = t^OC , for some ordering constraint OC, are thenimmediately converted into C� where � = mgu(s; t). This strategy will be calledhere H without constraint inheritance, in contrast with other possibilities whichwill be introduced later on.Of course, the clause C� has to be generated only if the constraint s = t^OC issatis�able in T (F), where = is interpreted as the syntactic equality relation �, and> as the given reduction ordering �. If � is the lexicographic path ordering (LPO)the satis�ability of such constraints is decidable [Comon 1990, Nieuwenhuis 1993](see Section 7 of this chapter). But traditionally in the literature weaker approxi-mations by non-global tests are used; for example, inference systems are sometimesexpressed with local conditions of the form r 6� l when in our framework we havel > r as a part of the global constraint OC. Note that such weaker approxima-tions do not lead to unsoundness, but only to the generation of unnecessary (forcompleteness) clauses.In the following, we call a set of (unconstrained) Horn clauses S closed under Hwithout constraint inheritance if D� 2 S for all inferences by H with premises in Sand conclusionD jj s = t^OC such that s = t^OC is satis�able and � = mgu(s; t).3.6. Theorem. The inference system H is refutation complete without constraintinheritance for Horn clauses.Proof. Let S be a set of Horn clauses closed under H without constraint inheritancesuch that 2 =2 S. The proof is very similar to the one for G: we exhibit a modelR� for S. We proceed again by induction on �c, but now the role of the groundclauses in the proof for G is played by all ground instances of clauses in S, and thegeneration of rules in R from these ground instances is the same as for G. Now wederive a contradiction from the existence of a minimal (w.r.t. �c) ground instanceC� of a clause C in S such that R� 6j= C�. The cases considered are the same onesas well, again depending on the occurrences in C� of its maximal term s�.The only di�erence lies in the lifting argument, which is the same in all cases andis hence analyzed here for only one of them: C is �; s ' t! � and s� � t�. SinceR� 6j= C�, we have s� ' t� 2 R� and since R is convergent, s� must be reducibleby some rule l� ) r� 2 R, generated by a clause C0 of the form �0 ! l ' r. (Notethat, since we assume that there are no name clashes between the variables of Cand C 0, we can consider that the instances of C and of C0 under consideration areboth by the same ground �.) Now we have s�jp = l�, and there are two possibilities:An inference. sjp is a non-variable position of s.



24 R. Nieuwenhuis and A. RubioThen there exists an inference by superposition left:�0 ! l ' r �; s ' t! ��0;�; s[r]p ' t! � jj sjp= l ^ l>r ^ l>�0 ^ s>t ^ s��;�whose conclusion D jj T has an instance D� (i.e., � is a solution of T ) such thatC� �c D�, where R� 6j= D�, contradicting the minimality of C�.Lifting. sjp0 is a variable x for some pre�x p0 of p.Then p = p0 �p00 for some p00, and x�jp00 is l�. Now let �0 be the ground substitutionwith the same domain as � but where x�0 = x�[r�]p00 and y�0 = y� for all othervariables y. Then R� 6j= C�0 and C� �c C�0, contradicting the minimality of C�.23.5. General clausesIn this section general clauses are considered, i.e., clauses that may have severalequations in their succedents. For this purpose, the inference system H is adapted.In order to restrict the amount of inferences to be performed, it is desirable topreserve the property of H that for each ground clause (or instance) C, only oneliteral of C is involved in superposition inferences with C. Since now the maximalterm of C may occur in more than one equation in the succedent, it is decidedthat among these equations the one whose other side is maximal will be used. Thisleads to the notion of maximal and strictly maximal equations in C. In order toexpress maximality and strict maximality of equations as constraints, we use thefollowing notation. The constraint gr(s ' t;�) expresses that the equation s ' t,i.e., the multiset fs; tg, is strictly greater, w.r.t. the multiset extension of �, thanall equations u ' v in �. For each u ' v this condition s ' t �� u ' v can beexpressed for instance by the constraint:s>u ^ (s�v _ t�v) _ s>v ^ (s�u _ t�u) _t>u ^ (s�v _ t�v) _ t>v ^ (s�u _ t�u)Similarly, the constraint greq(s ' t;�) expresses that s ' t �� u ' v for all u ' vin �. The full inference system I for general clauses is



Paramodulation-based theorem proving 25superposition right:�0 ! l ' r;�0 �! s ' t;��0;�! s[r]p ' t;�0;� jj sjp= l ^l>r ^ l>�0 ^ gr(l ' r;�0) ^s>t ^ s>� ^ gr(s ' t;�)superposition left:�0 ! l ' r;�0 �; s ' t! ��0;�; s[r]p ' t! �0;� jj sjp= l ^l>r ^ l>�0 ^ gr(l ' r;�0) ^s>t ^ greq(s ' t;�[�)equality resolution:�; s ' t! ��! � jj s= t ^ greq(s ' t;�[�)equality factoring: �! s ' t; s0 ' t0;��; t ' t0 ! s ' t0;� jj s=s0 ^ s>t ^ s>� ^ greq(s ' t;� [ fs0 ' t0g)where as in the Horn case in both superposition rules sjp is not a variable.Here the superposition rules and the equality resolution rule play the same roleas their counterparts in the inference system H. The equality factoring rule isnew. Intuitively, it expresses that, if s and s0 are syntactically equal, and t and t0are semantically equal, then the two equations in the succedent express the sameinformation, and one of them can be omitted.3.7. Example. Consider the lexicographic path ordering generated by the prece-dence f �F g �F h and the following inference by superposition right! g(z) ' h(z) ! f(g(x); y) ' g(x); f(g(x); y) ' y! f(h(z); y) ' g(x); f(g(x); y) ' y jj g(x) = g(z) ^ g(z) > h(z) ^f(g(x); y) > g(x) ^gr(f(g(x); y) ' g(x); ff(g(x); y) ' yg)where gr(f(g(x); y) ' g(x); ff(g(x); y) ' yg) can be simpli�ed into g(x) > y. Now,simplifying the rest of the constraint, the conclusion of the inference can be writtenas ! f(h(z); y) ' g(x); f(g(x); y) ' y jj x = z ^ g(x) > y



26 R. Nieuwenhuis and A. RubioBelow an overview of the new aspects for the completeness proof of I with respectto H is given. For simplicity, only the ground case is considered; lifting to clauseswith variables is analogous to what was done for H. First, a new condition is addedin the generation of the rewrite system R for a set of clauses S (see Section 3.1)and the second condition is adapted in order to select the strictly maximal positiveequation that produces the rule:3.8. Definition. Let S be a set of ground clauses and let C be a clause in S. ThenGen(C) = fl ) rg, and C is said to generate the rule l ) r, if, and only if, C is ofthe form �! l ' r;� and1. R�C 6j= C2. l � r, l � �, and l ' r �� u ' v for all u ' v in �3. l is irreducible by RC4. R�C 6j= r ' t0 for every l ' t0 2 �where RC = SC�cD Gen(D). In all other cases Gen(C) = ;. Finally, R denotesthe set of all rules generated by clauses of S, that is, R = SD2S Gen(D).The proof of Lemma 3.2 can be easily adapted to show that here again R isconvergent and that if R�C j= C then R� j= C. In a very similar way, it can beshown that the new conditions force clauses generating rules to have only onepositive literal satis�ed by the interpretation:3.9. Lemma. If a clause C of the form �! l ' r;� generates the rule l) r thenR� j= � and R� 6j= �.3.10. Theorem. The inference system I is refutation complete for general clauses.Proof. Since lifting is done as for H, here we only extend the proof for the groundcase G. There is one additional case due to the new conditions for generating rulesin R. The other cases of the proof for G are straightforwardly adapted by usinglemma 3.9 to show that the conclusion of the required inference is not satis�ed bythe model.The new case is: C is of the form � ! s ' t;�, with s � t;� and s ' t ismaximal in �, and it has not generated a rule because there is an equation s ' t0in � such that R�C j= t ' t0 (note that this case includes also the case in whichs ' t is maximal in �, but not strictly maximal).Then, with � = s ' t0;�0, there exists an inference by equality factoring�! s ' t; s ' t0;��; t ' t0 ! s ' t0;�whose conclusion D is such that C �c D and R� 6j= D, contradicting the minimalityof C. 2



Paramodulation-based theorem proving 273.6. Selection of negative equationsThe inference system I includes strong ordering restrictions: roughly, a superposi-tion inference is needed only if the terms involved are maximal sides of maximalequations in their respective premises, and even strictly maximal in case they occurin positive equations. But more constraints can be imposed. If a clause C has anon-empty antecedent, it is possible to arbitrarily select exactly one of its negativeequations. Then completeness is preserved even if C is not used as left premiseof any superposition inference and the only inferences involving C are equalityresolution or superposition left on its selected equation.The inference system S (for selection) for general clauses is de�ned to consist ofthe four rules of inference system I where for all premises of the inference rules nonegative equation has been selected, plus the following two additional rules, wherethe selected equations have been underlined:superposition left on a selected equation:�0 ! l ' r;�0 �; s ' t! ��0;�; s[r]p ' t! �0;� jj sjp= l ^l>r ^ l>�0 ^ gr(l ' r;�0) ^ s>tequality resolution on a selected equation:�; s ' t! ��! � jj s= twhere, as usual in superposition rules, sjp is not a variable.Note that an adequate selection strategy gives us a strictly more restrictive in-ference system: among the set of maximal negative equations, just select one ofthem, and select no equation if this set is empty. It is clear that in the inferencesystem I all maximal equations of the antecedent are eligible for superposition leftor equality resolution, whereas in S only the selected one is eligible.The intuition behind selection is, roughly, that a clause with negative equationsdoes not need to contribute to the deduction process until its whole antecedenthas been proved from other clauses, and in particular one can require the selectedequation to be proved �rst.In practice one can select for example always a maximal equation (under some ar-bitrary ordering) of the antecedent. Selecting always a negative equation, wheneverthere is one, leads in the Horn case to the so-called positive unit literal strategies,that is, the left premise of superposition inferences is always a positive unit clause[Dershowitz 1991, Nieuwenhuis and Nivela 1991]. For general clauses eager selectionleads to positive strategies, where the left premise is always a positive clause, i.e.,it has only positive literals. Adapting the proof of completeness of Theorem 3.10 tothis framework with selection is an easy exercise: it su�ces to consider that clauseswith selected equations generate no rules.



28 R. Nieuwenhuis and A. Rubio3.7. Merging paramodulation and perfect modelsThere is an alternative to the equality factoring inference rule, which is mergingparamodulation rule plus ordered factoring [Bachmair and Ganzinger 1994b]. Theinference systemM consists of the paramodulation rules and the equality resolutionrule of I, plus the following two rules:merging paramodulation:�0 ! l ' r;�0 �! s ' t; s0 ' t0;��0;�! s ' t[r]p; s0 ' t0;�0;� jj tjp= l ^ s=s0 ^l>r ^ l>�0 ^ gr(l ' r;�0) ^s>t ^ s>� ^ greq(s ' t;�[ fs0 ' t0g)ordered factoring:�! s ' t; s0 ' t0;��! s ' t;� jj s=s0 ^ t= t0 ^ s>t ^ s>� ^ greq(s ' t;�)where in the merging paramodulation rule tjp is not a variable.The completeness proof for the resulting inference system M can be obtainedby exactly the same construction for the rewrite system R and the same cases asfor I, except that where before equality factoring was needed, now either mergingparamodulation or ordered factoring apply.An important property of the inference system M is related to the following.For G and H, it is not di�cult to see that the model R� constructed from S is(isomorphic to) the unique minimal Herbrand model of S: it is a Herbrand model,as we have shown, and it is minimal, since all rules of R are logical consequencesof S. This turns out to be very useful in applications to inductive theorem proving(see Chapter [chapter with id comon] of this handbook). It is well-known that if Scontains some non-Horn axiom, then in general a unique minimal Herbrand modelof S no longer exists. For example, if S � fp_qg then both the models fpg and fqgare minimal. The total reduction ordering � on ground literals provides a way tosingle out one of the minimal models, the so-called perfect model (of S and �). Theperfect model is the minimal one with respect to the (multi)set extension ��1mul of��1. If S � fp _ qg where p � q then fqg ��1mul fpg and hence fpg is the perfectmodel (see [Bachmair and Ganzinger 1991] for details).Now it turns out that the model R� obtained for sets of clauses closed under Mis indeed the perfect one, which is not the case for the inference system I as shownin the following example7:7By Leo Bachmair, private communication.



Paramodulation-based theorem proving 293.11. Example. Assume we have a � b � c � d and the following two clauses! b ' d! a ' b; a ' cThen the closure w.r.t. I only introduces the new clauseb ' c ! a ' cand a number of tautologies (that are not involved in the model construction).Therefore R = fb) d; a) bg, and the model R� = I is fb ' d; a ' b; a ' dg.On the other hand, the closure byM produces the clause! a ' d; a ' capart from other clauses that are not relevant for the generation of R. In this caseR = fb) d; a) cg, and the model R� = M is fb ' d; a ' cg.Now we have that I ��1mul M , since after removing b ' d in both sets a ' d ��1a ' c, i.e., I is not minimal. 2In logic programming, perfect models give semantics for programs with negation(as failure), and the ordering � is usually induced from the way non-Horn clausesare written: one positive atom is written in the head of the clause, and the otherones are written negatively in the tail. For instance, p _ q can be written p :� :qor q :� :p. Heads are made big in the ordering. If the resulting ordering is well-founded then the program has a perfect model. Roughly, a logic program withnegation is called (locally) strati�ed if there is some well-founded ordering on groundatoms such that for all ground instances of clauses the head is bigger than everynegative atom in the tail, and bigger than or equal to every positive atom in the tail[Przymusi�nski 1988]. Local strati�cation is too strong a condition for the existence ofa perfect model, and it has been relaxed into weak strati�cation, where only groundinstances contributing to the model need to ful�ll the requirements [Przymusi�nskaand Przymusi�nski 1990]. These ideas are generalized and extended to arbitraryprograms with equality in [Bachmair and Ganzinger 1991].4. Saturation proceduresThe completeness results presented until now only apply to closure procedures,that is, deduction procedures which compute the closure of an initial set of clausesunder a given inference system, without considering simpli�cation or deletion tech-niques. However, such techniques are well-known to be crucial for e�ciency inparamodulation-based theorem proving. In this section we study their compatibil-ity with refutation completeness.



30 R. Nieuwenhuis and A. Rubio4.1. Redundancy in practiceLet us �rst give some examples of practical simpli�cation and deletion methods.Most provers apply these methods in two possible contexts. The �rst one, usuallycalled forward redundancy elimination, is applied to new clauses immediately afterthey are obtained by an inference. For example, the conclusion of an inference canbe simpli�ed by rewriting it using other clauses before storing it. On the other hand,backward techniques are the ones applied to existing clauses, using newer ones thathave been generated later on.4.1. Example. Consider the lexicographic path ordering generated by the prece-dence f �F a �F b and the following two equations whose maximal side is writtenunderlined: 1: f(a; x) ' x2: f(x; a) ' f(x; b)There is a superposition inference with conclusionf(a; b) ' ato which forward simpli�cation can be applied by rewriting it with equation 1 intob ' aAdding the result to the set, we obtain:1: f(a; x) ' x2: f(x; a) ' f(x; b)3: a ' bNow, by backward simpli�cation using the new equation 3, equation 2 can be simpli-�ed into the tautology f(x; b) ' f(x; b). The elimination of this tautology is anotherbackward redundancy step. Furthermore, equation 1 can be simpli�ed using 3 intof(b; x) ' xHence the �nal set will only contain the equations3: a ' b4: f(b; x) ' x 2In this section it is explained how redundancy elimination methods like the onesused in this example can be treated uniformly in the context of saturation proce-dures. Let us �rst give some informal intuition. The notion of saturation w.r.t. agiven inference system I generalises the one of closure w.r.t. I: roughly, a set of



Paramodulation-based theorem proving 31clauses S is saturated if S is closed under I up to redundant inferences. Refutationcompleteness then means that the empty clause 2 is in S for every unsatis�ablesaturated set of clauses S.A procedure like the one of the previous example can be seen as a procedurecomputing a saturated set. Such a saturation procedure will be modelled by aderivation, a possibly in�nite sequence of sets of clauses where each set can beobtained from the previous one in two possible ways: either by adding a clause orby removing a clause.Two abstract notions of redundancy will play an essential role in saturation: onefor clauses and one for inferences. Here we �rst explain them informally.Roughly, a clause C is redundant w.r.t. a set S if C follows from clauses inS that are smaller than C. Redundant clauses correspond to the ones that areremoved in a derivation. This abstract notion provides a useful means for provingthe completeness of the inference system in combination with concrete practical(e.g., backward) redundancy elimination techniques.Similarly, an inference will be redundant if its conclusion follows from clausesthat are smaller than its maximal premise. In a derivation, conclusions of redundantinferences need not to be added. This abstract notion of redundant inference coversseveral powerful concrete forward redundancy techniques.In the remainder of this section these ideas are formally developed and explained.4.2. Redundancy and saturation in the ground caseIn this section, as a simple example, saturation is described in detail for the case ofground clauses. Hence in this section all clauses (denoted by C;D; : : :) and sets ofclauses (denoted by S) are assumed to be ground. A two-stage approach is followed.First a \static" point of view is considered: it is proved that unsatis�able saturatedsets contain the empty clause. This involves the notion of redundant inference. Afterthis, the \dynamic" problem of how to compute such saturated sets is considered,which is where the concepts of derivation and of redundant clauses are needed.4.2.1. the static viewIn the previous section we built a model R� for any set S closed under I andsuch that 2 =2 S. Now our aim is to weaken the closedness requirement as much aspossible into some notion of saturatedness. This could of course be done by de�ninga set S to be saturated whenever R� j= S, but this would not be very useful inpractice, since this (global) semantic property can almost never be checked. Inorder to �nd a useful practical notion of saturatedness, one can analyse the kind ofinferences that are really needed in the proof showing that R� j= S for closed sets:the ones in which the rightmost premise is the minimal clause that is false in R�.This leads us to the following.We denote by S�C the set of all D in S such that C �c D. An inference withmaximal premise C and conclusion D is is redundant with respect to a set S if



32 R. Nieuwenhuis and A. RubioS�C j= D. A set of clauses S is saturated with respect to an inference system Infif every inference of Inf with premises in S is redundant with respect to S.4.2. Theorem. Let S be a set of ground clauses that is saturated with respect toI. Then R� j= S if, and only if, 2 =2 S, and hence S is unsatis�able if, and only if,2 2 S.Proof. The only di�erence with Theorem 3.10 is that now a contradiction has tobe obtained from the fact that the inferences between clauses in S are redundantinstead of considering that the conclusion is in S. Let us show it for an inference bysuperposition right. In this case the minimal counterexample C has not generateda rule because its maximal term is reducible by a rule generated by a clause C 0.Then the following inference by superposition right is considered where C0 is theleft premise, C is the right one and D is the conclusion.�0 ! l ' r;�0 �! s ' t;��0;�! s[r]p ' t;�0;�As in Theorem 3.10, by using Lemma 3.9 from R� 6j= C we can infer that R� 6j= D.But on the other hand, since the inference is redundant we have S�C j= D, and byminimality of C we have R� j= D which is a contradiction.4.2.2. the dynamic view: computing saturated setsThe previous theorem states that, instead of computing sets closed under the in-ference system, it su�ces to saturate them. Therefore, now practical methods forcomputing saturated sets are de�ned. These methods are formalized by the notionof derivation, a sequence of sets of clauses where each time the next set is obtainedby either adding some logical consequence or removing some redundant clause.A ground clause C is redundant with respect to a set of ground clauses S ifS�C j= C. A derivation is a (possibly in�nite) sequence of sets of clauses S0; S1; : : :where each Si+1 is either Si [ fCg, for some C such that Si j= C, or Si n fCg, forsome C that is redundant with respect to Si. Clauses belonging, from some i on, toall Sk with k > i, are called persistent . The set S1 is the set of persistent clauses,de�ned S1 = [i \k>i Sk.A nice property of the general notion of redundancy presented above is givenby the following lemma. It states that all non-persistent clauses occurring in thederivation are redundant w.r.t. the set of persistent ones.4.3. Lemma. Let S0; S1; : : : be a derivation and let C be a clause in ([iSi) n S1.Then C is redundant w.r.t. S1.Proof. We proceed by induction on C w.r.t. �c. Since C =2 S1 there is some Sj ,s.t. C is redundant w.r.t. Sj , which implies that S�Cj j= C, and hence by inductionhypothesis S�C1 j= C.



Paramodulation-based theorem proving 33It is easy to see that simpli�cation by demodulation �ts into the notion of deriva-tion. For example, simplifyingP (f(a)) into P (a) with the equation f(a) ' a is mod-eled by �rst adding P (a), and then removing P (f(a)) which has become redundantin the presence of P (a) and f(a) ' a.4.4. Example. Consider the lexicographic path ordering generated by the prece-dence P �F Q �F f �F a. The table:Refutation S Comments Derivation S0; S1; : : :1: ! Q(a)2: Q(a)! f(a) ' a3: P (a)!4: ! P (f(a)) Initial setof clauses S01: ! Q(a)2: Q(a)! f(a) ' a3: P (a)!4: ! P (f(a))5: ! f(a) ' a Inf. 5 from1 and 2 S0 j= (! f(a) ' a)S1 = S0 [ f ! f(a) ' ag1: ! Q(a)2: Q(a)! f(a) ' a3: P (a)!5: ! f(a) ' a6: ! P (a) Simplif. 4to 6 with 5 S1 j= (! P (a))S2 = S1 [ f ! P (a)g! P (f(a)) is redundantw.r.t. S2S3 = S2 n f ! P (f(a)g1: ! Q(a)2: Q(a)! f(a) ' a3: P (a)!5: ! f(a) ' a6: ! P (a)7: 2 Inf. 7 from6 and 3 S3 j= 2S4 = S3 [ f2g



34 R. Nieuwenhuis and A. Rubiorepresents a derivation performed by a theorem prover that is based on the strictsuperposition calculus and applies simpli�cation by demodulation. The �rst columncontains the set of ground clauses at every step of the refutation and the secondone contains some explanations about the current step. In the third column thesets of the derivation are given and the changes justi�ed. In the �rst column, theunderlined subterms are the ones involved in the next inference. 2If our aim is to obtain refutation complete theorem proving procedures by com-puting derivations, and in the limit, to obtain a saturated set, then a notion offairness is required. It roughly says that no inference � should be postponed for-ever: either some premise of � disappears at some point of the derivation, or else �has to become redundant at some point. One way of forcing � to become redundantis by adding its conclusion: for every ground inference � by our inference systems,always its conclusion is smaller than its maximal premise8 and hence � is triviallyredundant w.r.t. a set S containing its conclusion D (since D follows from a clauseof S that is smaller than the maximal premise, namely D itself).4.5. Definition. A derivation S0; S1; : : : is fair with respect to an inference systemInf if for every inference � of Inf with premises in S1 there is some j � 0 s.t. �is redundant with respect to Sj .Now we can prove that fair derivations compute (in the limit) saturated sets andgenerate the empty clause if and only if the initial set is unsatis�able.4.6. Theorem. If S0; S1; : : : is a fair derivation with respect to Inf , then S1 issaturated with respect to Inf , and hence if Inf is I, then S0 is unsatis�able if, andonly if, 2 2 Sj for some j. Furthermore, if S0; S1; : : : ; Sn is a fair derivation thenSn is saturated and logically equivalent to S0.Proof. First we prove that S1 is saturated with respect to Inf . By fairness, allinferences with premises in S1 are redundant in some Sj and hence, by lemma 4.3,redundant in S1, which implies that S1 is saturated.Second, if Inf is I, since S1 is saturated with respect to I, by theorem 4.2 S1is unsatis�able if, and only if, 2 2 S1. Since, de�nition of derivation, S0 is logicallyequivalent to all Si with i � 0 and, by lemma 4.3, to S1 as well, S0 is unsatis�ableif, and only if, 2 2 S1 and hence 2 2 Sj for some j.Finally if S0; S1; : : : ; Sn then S1 = Sn and hence Sn is saturated.Now, what can be done in practice to ensure fairness? On the one hand, it isneeded that after adding the conclusion of an inference, the inference becomesredundant. As said, for the inference systems presented in this chapter, this is indeed8For inference systems not satisfying this property, an inference should be redundant as wellw.r.t. a set S if its conclusion is in S (and not only if its conclusion follows from clauses in Ssmaller than its maximal premise). Another possibility is to relax the notion of fairness (that willbe introduced in a moment), requiring that either the conclusion of � belongs to some Sj or else� is redundant in Sj .



Paramodulation-based theorem proving 35the case. In order to capture forward simpli�cation we also want the inference tobecome redundant if we add the simpli�cation of the conclusion. Indeed, with thisnotion of redundancy of inferences any clause smaller than the maximal premisecan be used to simplify the conclusion into a smaller clause.On the other hand, this has to be done for all inferences with persistent premises.But since it is not possible to know, at a certain point Si, whether a given premiseis going to be persistent or not, some means should be provided ensuring thatno inference with persistent premises is postponed in�nitely many times. In mostimplementations this is achieved by periodically considering all inferences with theclause whose size (in number of symbols) is smallest. If a certain clause persiststhen it will eventually be considered, since there are only �nitely many clauses withsmaller size.4.3. Non-ground saturation proceduresFor the non-ground case, the de�nitions for redundancy of inferences and clauses ofthe previous section are straightforwardly extended (roughly, C or � is redundantif all its ground instances are) and the notions of derivation and saturatedness donot change. Here we consider saturation without constraint inheritance, that is, theSi occurring in derivations are sets of clauses without constraints, and if fairnessrequires a non-ground inference � with conclusion D jj s = t ^ OC to becomeredundant in some Sj , then this is done by adding D� to Sj , where � = mgu(s; t).In the following, gnd(C) denotes the set of all ground instances of a clause C,and if S is a set of clauses then gnd(S) denotes [C2S gnd(C).Let � be an inference with premises C1; : : : ; Cn and conclusion D jj T . Then aground instance �� of the inference � is an inference with premises C1�; : : : ; Cn�and conclusion D� for some ground � such that � j= T . An inference � is redundantwith respect to a set S if all its ground instances are redundant with respect tognd(S). Note that an inference whose conclusion has an unsatis�able constraint isredundant since it has no ground instances.4.7. Example. Consider the lexicographic path ordering generated by the prece-dence P �F f �F h �F g �F a and the following set S of equations whosemaximal sides are written underlined:1: g(x) ' x2: h(a; z) ' z3: f(x; h(x; y)) ' g(y)4: f(a; z) ' zThe inference between 2 and 3 can be shown redundant w.r.t. S using rewriting asfollows. It has the conclusionf(x; z) ' g(y) jj h(a; z) = h(x; y) ^ h(a; z) > z ^ f(x; h(x; y)) > g(y)



36 R. Nieuwenhuis and A. RubioOnce it is checked that the constraint is satis�able, the most general uni�er fx 7!a; z 7! yg of the uni�cation problem in the constraint is applied to the conclusion,obtaining: f(a; y) ' g(y)It has to be shown that all its ground instances, which are of the form f(a; t) 'g(t), follow from instances of S smaller than the corresponding instance of themaximal premise, which is f(a; h(a; t)) ' g(t). This can be done by rewriting: bothsides of f(a; y) ' g(y) rewrite into y using equations 4 and 1.As another example of forward simpli�cation, assume the set consists only ofequations 1, 2 and 3. The inference between 2 and 3 we have seen generates f(a; y) 'g(y), which by forward simpli�cation with 1 produces equation 4. 2It is easy to show, by a similar lifting argument as the one used in Theorem 3.6,that the non-ground version of Theorem 4.2 holds.4.8. Theorem. Let S be a set of clauses that is saturated with respect to I. Then,S is unsatis�able if, and only if, 2 2 S.Now we can again focus on the problem of how to compute (non-ground, thistime) saturated sets. For this purpose, in this context a clause C is redundant withrespect to a set S if all its ground instances are redundant with respect to gnd(S).The notions of non-ground derivation, persistence and fairness are de�ned exactlyas in the ground case. The non-ground versions of Lemma 4.3 and Theorem 4.6 canbe proved in a similar way.4.9. Theorem. If S0; S1; : : : is a fair derivation with respect to Inf , then S1 issaturated with respect to Inf , and hence, if Inf is I, then S0 is unsatis�able if, andonly if, 2 2 Sj for some j. Furthermore, if S0; S1; : : : ; Sn is a fair derivation thenSn is saturated and logically equivalent to S0.4.10. Example. Let us now consider a more complicated example showing thepower of the notion of redundancy for inferences, where moreover the generatedordering constraints are not ignored like in Example 4.7, but play a crucial role.Consider the transitivity axiom for a predicate p:p(x; y) ^ p(y; z)! p(x; z)Consequences by superposition left (or resolution) of this clause are:p(x; y) ^ p(y; z) ^ p(z; u)!p(x; u)p(x; y) ^ p(y; z) ^ p(z; u) ^ p(u;w)!p(x;w): : :We �rst show that these consequences are not redundant clauses in the presenceof the transitivity axiom. An instance of p(x; y) ^ p(y; z) ^ p(z; u)! p(x; u) of theform p(a; b) ^ p(b; c)^ p(c; d)! p(a; d)



Paramodulation-based theorem proving 37only follows from instances of the transitivity axiomp(b; c)^ p(c; d)!p(b; d) (4.1)p(a; b)^ p(b; d)!p(a; d) (4.2)p(a; b) ^ p(b; c)!p(a; c) (4.3)p(a; c) ^ p(c; d)!p(a; d) (4.4)in two possible ways: from (4.1,4.2) or from (4.3,4.4). However, if b �F a �F c �F dthen in both cases the instances used are not smaller than the instance that has tobe proved redundant. Therefore, the clause p(x; y)^p(y; z)^p(z; u)! p(x; u) is notredundant. But we can prove that the two possible resolution inferences producingit from the transitivity axiom are indeed redundant.One of the two inferences isp(x; y) ^ p(y; u)! p(x; u) p(y; z) ^ p(z; u)! p(y; u)p(x; y) ^ p(y; z) ^ p(z; u)! p(x; u) jj p(y; u)>p(x; u) ^ p(y; u)>p(x; y) ^p(y; u)>p(y; z) ^ p(y; u)>p(z; u)in which the uni�er has already been applied. The constraint of the conclusion canbe simpli�ed into y>x ^ u>z ^ y>z. Now the ground instances of the conclusionthat indeed satisfy this constraint follow from smaller instances of the set 4.1{4.4,i.e., the inference is redundant.Another di�cult question is: how to �nd in practice, and automatically, the ap-propriate clauses and their instances that allow us to prove such redundancies? Inthe Saturate system [Nivela and Nieuwenhuis 1993, Ganzinger, Nieuwenhuis andNivela 1999], several such concrete techniques are implemented. For this concreteexample, Saturate proves the redundancies automatically by clausal rewriting com-bined with LPO constraint solving. 24.4. More general notions of redundancy for clausesAs said, the notion of redundancy of clauses given in the previous section togetherwith the notion of derivation can capture simpli�cation methods like demodulationby rewriting. However, it cannot capture useful methods like subsumption in itsfull generality. For instance, a clause P (a) (for some constant a) cannot be provedredundant w.r.t. a set containing P (x), since only strictly smaller instances can beused in the redundancy proof.To overcome this problem, the notion of redundancy of clauses can be mademore powerful by applying not only smaller instances but also equal instances inthe redundancy proof.We denote by S�C the set of all D in S such that C �c D. Then a clause Cis non-strictly redundant w.r.t. a set of clauses S if gnd(S)�D j= D for all D ingnd(C). Note that it is equivalent to the requirement that for all D in gnd(C)



38 R. Nieuwenhuis and A. Rubioeither gnd(S)�D j= D or D 2 gnd(S). This means that one only needs to careabout all those ground instances of C that do not belong to S. It is easy to see thatthis notion of redundancy covers subsumption.4.11. Example. The clause P (a) is redundant w.r.t. fP (x)g, since P (a) 2gnd(P (x)). But if the signature under consideration is �xed, then it is possibleto go beyond.Assume F is fa; f;Q; Pg, let C be the clause Q(x)_P (x), and let S be the set ofclauses f P (f(y)); Q(a)_P (a) g.Then C can be proved non-strictly redundant w.r.t. the set of clauses S as follows.The ground instance Q(a) _ P (a) of C is in S and is hence redundant w.r.t. S.The remaining ground instances of C are of the form Q(f(t)) _ P (f(t)) for someground term t, which are redundant since P (f(t)) j= Q(f(t))_P (f(t)) and Q(f(t))_P (f(t)) �c P (f(t)).Note that some instances of C have been proved strictly redundant, i.e., usingsmaller instances w.r.t. �c, and others have been proved non-strictly redundant,that is using equal instances in gnd(S). 2In this new setting with non-strict redundancy, the notion of derivation has tobe slightly modi�ed. If Si+1 is Si n fCg, now we require C to be (non-strictly)redundant w.r.t. Si n fCg, instead of w.r.t. Si as before (otherwise all clauses C inSi could be removed!).Unfortunately, this stronger notion of redundancy for clauses has some side e�ectson the notion of fairness, mainly because there might be persistent ground instancesthat do not correspond to any persistent clause.4.12. Example. Assume F = fa; Pg and the following derivation:S0 = f:P (x); P (x)g,S1 = f:P (x); P (x); P (a)g,S2 = f:P (x); P (a)g,S3 = f:P (x); P (x); P (a)g,S4 = f:P (x); P (x)g,: : :The only instance of P (x) is P (a). Therefore P (x) is redundant in the presence ofP (a), and vice versa, and hence the sequence S0; S1; : : : is indeed a derivation. Theonly persistent clause is :P (x), and no inference between persistent clauses exists.Hence the empty clause will not be generated in this derivation. This problem isclearly due to the fact that fairness, as it was stated in the previous subsectionfor the weaker notion of redundancy of clauses, only requires inferences betweenpersistent clauses to be considered. 2In the previous example there is a clause P (a), which is a persistent groundinstance, i.e. a ground clause C such that from some k on, C belongs to all gnd(Si)with i > k, which is not an instance of any persistent clause. Therefore a simpleway to overcome this problem is to modify the notion of fairness by requiring in



Paramodulation-based theorem proving 39addition that, roughly, the set of persistent ground instances is covered by the setof persistent clauses. This idea is formalised as follows.4.13. Definition. The set G1 = [i \k>i gnd(Si) is the set of persistent groundinstances. A derivation S0; S1; : : : is ground fair with respect to an inference systemInf if gnd(S1) � G1 and all inferences of Inf with premises in S1 are redundantw.r.t. Sj for some j.Ground fairness can be achieved in practical theorem provers by associating toeach clause a counter indicating its \level" of non-strict redundancy steps, andforbidding such non-strict redundancy steps beyond a certain level. In most imple-mentations the problem of the previous example is avoided automatically, since, assaid, fairness is achieved by periodically considering all inferences with the smallestclause with respect to size. If a certain ground instance persists, then at any point itis an instance of some clause with smaller or equal size, and hence it will eventuallybe considered, because there are only �nitely many such clauses with smaller size.The non-ground version of Lemma 4.3 can be proved for non-strict redundancyin the same way as before, using the fact that gnd(S1) � G1. Theorem 4.9 holdsas well.4.5. Computing with saturated setsIn practice, it is sometimes possible to obtain a �nite saturated set Sn (not contain-ing the empty clause) for a given input S0. In this case its satis�ability has beenproved. Let us give an example.4.14. Example. Consider the lexicographic path ordering generated by the prece-dence P �F Q �F f �F g �F a. The following table represents a �nite derivationthat terminates with a saturated set. The concrete redundancy method applied issimpli�cation by demodulation. The �rst column contains the set of clauses at eachstep of the derivation. In the second column the sets of the derivation are givenand the changes justi�ed. In the �rst column, the underlined terms are the onesinvolved in the next inference.The �nal set S4 is saturated since all inferences with premises in S4 are redundant:1. the inferences between 3 and 4 and between 2 and 6 are redundant since theirconclusions are in S4 (and hence they follow from clauses smaller than themaximal premise).2. the inference between 5 and 6 is also redundant, although its conclusion is notin S4. Let us show it. The inference has premises g(g(y)) ' g(y) (note that wehave renamed the variables of 5 to avoid name clashes) and Q(g(x))! P (g(x)),with the uni�er � = fx 7! g(y)g. The conclusion is Q(g(g(y))) ! P (g(y)),which can be rewritten by 5 into Q(g(y)) ! P (g(y)), which is smaller than6� and belongs (up to renaming of variables) to S4, and hence the inference isredundant. 2



40 R. Nieuwenhuis and A. RubioDerivation S0; S1; : : : Comments1: Q(g(g(x))) ! P (g(x))2: P (g(a))!3: ! f(x; y) ' g(x)4: ! f(x; a) ' g(g(x)) Initial setof clauses S01: Q(g(g(x))) ! P (g(x))2: P (g(a))!3: ! f(x; y) ' g(x)4: ! f(x; a) ' g(g(x))5: ! g(g(x)) ' g(x) Infer 5 from3 and 4S1 = S0 [ f5g2: P (g(a))!3: ! f(x; y) ' g(x)4: ! f(x; a) ' g(g(x))5: ! g(g(x)) ' g(x)6: Q(g(x))! P (g(x)) Simplify 1into 6 with 5S1 j= 6S2 = S1 [ f6g1 is redundantw.r.t. S2 n f1gS3 = S2 n f1g2: P (g(a))!3: ! f(x; y) ' g(x)4: ! f(x; a) ' g(g(x))5: ! g(g(x)) ' g(x)6: Q(g(x))! P (g(x))7: Q(g(a))! Infer 7 from2 and 6S3 j= 7S4 = S3 [ f7gThe remainder of this section is on the applications of such �nite saturationderivations. On the one hand, the existence of a �nite saturated set S not containingthe empty clause implies that its consistency has been proved. Consistency provinghas many applications and is also closely related to inductive theorem proving, asshown in [chapter with id comon] of this handbook.But on the other hand, theorem proving in theories expressed by saturated setsS of axioms is also interesting because more e�cient proof strategies become (refu-



Paramodulation-based theorem proving 41tationally) complete. For example, it is clear from the previous section that whensaturating S [S0, for some S0, inferences all whose premises belong to S are redun-dant in S [ S0, for the following reason. Since S is saturated, these inferences areredundant in S, and hence as well in any set containing S, because the redundancynotions are easily shown to be monotonic in this sense.This leads to the completeness of the the set-of-support strategy, where S0 isthe set of support. This strategy is complete for standard binary resolution, butis incomplete in general for ordered inference systems and also for paramodulation([Snyder and Lynch 1991] describe a lazy paramodulation calculus that is completewith set of support).4.6. Completion as an instance of saturationIn some cases, depending on the syntactic properties of the given �nite saturatedset S, decision procedures for the given theory are obtained. This is the case for in-stance for saturated sets of unit equations E, where the saturation process behaveslike unfailing Knuth-Bendix completion. Clearly, simpli�cation by rewriting andremoving tautologies s ' s (and other more re�ned techniques) �t into the redun-dancy notions. Furthermore, indeed rewriting with the �nal saturated set providesa decision procedure for the word problem.Let � be a total reduction ordering, and let E be a set of unit equations. Further-more, let !E be the ordered rewrite relation (remember that !E is the smallestmonotonic relation on terms such that s� !E t� whenever s ' t is in E ands� � t�).4.15. Theorem. If E is a set of unit equations that is saturated w.r.t. H and �,then every ground term s has a unique normal form nf(s) w.r.t.!E. Furthermore,for every pair of ground terms s and t, E j= s ' t if, and only if, nf(s) � nf(t).Proof. It is shown that every ground term s (possibly with new Skolem constantsfor its variables) can be rewritten into the unique minimal (w.r.t. �) representativeof its E-congruence class. By induction w.r.t. �, it su�ces to prove the reducibilityw.r.t.!E of non-minimal s. Let u be this minimal representative of the congruenceclass of s. Since s � u, the only inference rule that can be applied in a refutation ofs ' u! are strict superposition left steps on s with some positive equation l ' rof E. But then s is reducible by rewriting with l ' r, since sjp = l� for some p. 2In fact, similar results apply as well to the other forms of saturatedness that willbe introduced later on in this chapter (modulo equational theories, with constraintinheritance).Decision procedures are also obtained for the ground case. For the ground Horninference system G applied with eager selection, clearly each inference of l ' r on aclause D produces a smaller clause D0. Furthermore, D is a logical consequence ofthe smaller clauses l ' r and D0, i.e.,D has become redundant and can be removed.Hence after each inference, the clause set decreases w.r.t. the well-founded multiset



42 R. Nieuwenhuis and A. Rubioextension of the clause ordering and hence the process terminates, thus decidingsatis�ability.4.16. Theorem. Superposition with selection decides the satis�ability of sets ofground Horn clauses.Furthermore, a decision procedure for the satis�ability of sets of arbitrary groundclauses is obtained by �rst transforming into Horn clauses (where S[C_A1_: : :_Anis split into the disjunction of sets Si of the form S [ C _Ai; then S is satis�ableif some of the Si is).4.17. Example. Note, however, that ground saturation procedures without redun-dancy do not always terminate, in spite of the fact that only smaller ground clausesare created in a well-founded ordering. Consider an LPO with a �F f �F b andthe initial two ground equations 1: f(a) ' a2: f(b) ' aThen in�nitely many equations i, for i > 2 are generated by superposition at theunderlined subterm between equation 1 and equation i� 13: f(f(b)) ' a4: f(f(f(b))) ' a5: f(f(f(f (b)))) ' a... 2Other syntactic restrictions on non-equational saturated sets S that are quiteeasily shown to produce decision procedures include reductive Horn clauses (alsocalled conditional equations) or universally reductive general clauses [Bachmair andGanzinger 1994b]. In such cases, the non-redundant inferences in a refutation ofS [ G for certain classes of ground clauses G only produce new smaller groundclauses and saturation terminates by a similar argument as in the ground case.This kind of ideas provide several directions in which the previous two theoremscan be generalized (see also Section 8.2 of this chapter).4.7. Extended signaturesWhen applying the results we have seen so far for computing with sets S[S0 whereS is saturated, one aspect has to be considered carefully: what happens if new (e.g.Skolem) symbols appear in S0?



Paramodulation-based theorem proving 434.18. Example. Suppose S is the following set of unit equations:f! f(x) ' a; ! g(a) ' agunder a lexicographic path ordering with the precedence g �F a �F f .This set is saturated with respect to the given signature: the only possible in-ference with the two equations of S not needed, since its conclusion, g(f(x)) 'a jj a > f(x) , has an unsatis�able constraint a > f(x) because a is the smallestconstant symbol. From the rewriting and Knuth-Bendix completion point of view,S being saturated with respect to a given signature means that !S is con
uentfor rewriting terms built over this signature, i.e., it is ground con
uent , which is aweaker property than general con
uence.Now let us try to prove, for instance, that S j= 8y g(f(y)) ' a. After negatingand Skolemizing the goal G = g(f(b)) ' a! is obtained, which has to be refuted,where b is a new Skolem constant. Then, under the new extension of the precedenceg �F a �F f �F b, the set-of-support strategy fails: no inferences can be computedbetween equations in S and G, but S [ fGg is inconsistent. Equivalently, from therewriting point of view, S j= G but G is in normal form with respect to !S .This incompleteness is due to the fact that S is not saturated with respect to thenew signature (note that a is no longer the smallest constant symbol). If S is insteadsaturated with respect to extended signatures then the inference with conclusiong(f(x)) ' a jj a > f(x) should be performed, since the constraint a > f(x) issatis�able in some extension of the signature. Then this incompleteness problemdoes not appear. 2From the previous example we learn that for some applications it is necessary tosolve the ordering constraints under extended signatures (see Section 7 for detailson ordering constraint solving). Similar incompleteness problems appear if we applyredundancy methods that rely on the given signature like, for instance, the one usedin example 4.11.2.Let us now consider the combination of two �nite sets of clauses S1 and S2 (builtover F1 and F2 resp.) that are saturated with respect to �1 and �2 respectively.Then an extension of the set-of-support-strategy applies: no inferences have tobe considered in which all premises are in S1 or all premises in S2. Therefore, ifF1 \ F2 = ; then S1 [ S2 is saturated.Again here it is needed that S1 and S2 are saturated under the semantics in whichthe satis�ability of the constraints has been considered with respect to extendedsignatures, or at least with respect to a signature containing F1 [ F2. Otherwise,situations similar to the example above can again appear.Furthermore, it is necessary to �nd an ordering � with all the required propertiescontaining both �1 and �2. If �1 and �2 are two orderings of the same family ofpath orderings and this family is stable under extensions of the precedence (e.g.RPO is such a family) then one can de�ne a precedence �F1[F2 extending �F1and �F2 (whenever �F1 and �F2 are not contradictory, that is, f; g 2 F1 \ F2 andf �F1 g implies f �F2 g). This produces a total extension. See [Rubio 1995] forrelated results on combining arbitrary orderings.



44 R. Nieuwenhuis and A. Rubio5. Paramodulation with constrained clausesIn this section we develop strategies where the ordering and/or equality restrictionsof the inferences are kept in constraints and inherited between clauses. As explainedin Section 1, this produces a further pruning of the search space. For simplicityreasons, �rst only Horn clauses are considered and at the end of the section theextension to general constrained clauses is outlined.5.1. Equality constraint inheritance: basic strategiesWe now analyse the �rst constraint-based restriction of the search space: the so-called basicness restriction, where superposition inferences on subterms created byuni�ers on ancestor clauses are not performed. This restriction is conveniently ex-pressed by inheriting the equality constraints without applying (or even computing)any uni�ers. Hence from now on we consider sets of constrained clauses, rather thanunconstrained ones, as in the previous sections.5.1. Definition. In the following, we call a set of constrained Horn clauses S closedunder H with equality constraint inheritance if D jj T1 ^ : : : ^ Tn ^ s = t is in Swhenever C1 jj T1 ; : : : ; Cn jj Tn are clauses in S and there is an inference by Hwith premises C1; : : : ; Cn and conclusion D jj s = t ^ OC such that the constraintT1 ^ : : :^ Tn ^ s = t ^OC is satis�able.This strategy is incomplete in general: the closure under H with equality con-straint inheritance of an unsatis�able set of constrained Horn clauses needs notcontain the empty clause.5.2. Example. Let � be the lexicographic path ordering where a �F b. Considerthe following unsatis�able clause set S:1: ! a ' b2: ! P (x) jj x = a3: P (b)!S is clearly closed under H with equality constraint inheritance, since no inferencesby H that are compatible with the constraint of the second clause can be made.We have a �F b and hence the �rst clause could only be used by superposing aon some non-variable subterm, while superposition left (i.e., resolution) between 2and 3 leads to a clause with an unsatis�able constraint x = a ^ b = x. However, Sdoes not contain the empty clause. This incompleteness is due to the fact that theusual lifting arguments, like the ones in Theorem 3.6, do not work here, since theyare based on the existence of all ground instances of the clauses. Note that this isnot the case here: the only instance of the second clause is P (a), whereas the liftingargument in Theorem 3.6 requires the existence of the instance P (b). 2



Paramodulation-based theorem proving 45Fortunately, the strategy is complete for what we will call well-constrained setsof clauses, which turn out to be adequate for many practical situations. A keyidea in this context is the following (quite intuitive) notion of irreducible groundsubstitution. Let R be a ground rewrite system contained in the given ordering �(that is, l � r for all rules l ) r of R). A ground substitution � is reducible byR if x� is reducible by R for some x 2 Dom(�); if there is no such x then � isirreducible. Furthermore, if S is a set of constrained clauses, then irredR(S) is itsset of irreducible instances, that is, the set of ground instances C� of clauses C jj Tin S such that � is a solution of T and x� is irreducible by R for all x 2 vars(C).5.3. Definition. A set of constrained clauses S is well-constrained if either thereare no clauses with equality predicates in S or else for all R contained in � we haveirredR(S) [R j= S.5.4. Example. (Example 5.2 continued) The clause set S of the previous exampleis not well-constrained: if R is fa) bg then the instance P (a) of the second clauseis not a logical consequence of irredR(S) [ R (in fact, the second clause has noirreducible instances for this R). 2Let us give some more intuition behind the de�nition of well-constrained sets.For clauses without equality predicates, the situation is clear: all such sets are well-constrained (this is why logic programming without equality is compatible witharbitrary constraint systems).Now let us consider clause sets S including equality predicates. First, note thatif S is a well-constrained set, so is its closure w.r.t. any sound inference system,since the property of well-constrainedness is preserved under the addition of logicalconsequences. Second, it is not di�cult to see that if all clauses in S have onlytautologic constraints then S is well-constrained: every instance C� is either inirredR(S), or else � is reducible by R. Then � can be reduced into a \normal form"�0, where C�0 is in irredR(S), and we have irredR(S) [R j= C�.But there are other non-trivial examples of well-constrained sets.5.5. Example. Let � be the lexicographic path ordering where g �F a �F f �F b.Then, constrained clauses like g(x; x) ' b jj a> x may appear in well-constrainedsets, since the variable x is not \lower bounded": as for unconstrained clauses, forall � the term x� can be reduced into a \normal form" x�0, where g(x�0; x�0) ' b isin irredR(S), and hence we have irredR(S)[R j= g(x�; x�). Here g(x; x) ' b jj a>xdenotes the in�nite set of clauses of the form g(fn(b); fn(b)) ' b for n � 0, that is,g(b; b) ' b, g(f(b); f(b)) ' b, g(f(f(b)); f(f (b))) ' b : : : Note that such (in thiscase even non-regular) tree languages cannot be captured by standard �rst-orderclauses. 2Furthermore, it will become clear from the completeness proof below that thenotion of well-constrained clause could be modi�ed in order to capture more casesby not considering all R contained in �, but only those R whose rules could begenerated in the model generation technique applied to the given clause set. Then,



46 R. Nieuwenhuis and A. Rubioone can know in advance that certain (e.g., constructor) terms will be irreduciblew.r.t. such R. Here we have not done this in order to keep the de�nition of well-constrainedness simple.The refutation completeness of H for well-constrained clause sets S can now beestablished by applying a simple variant of the model generation technique. Beforewe give the formal proof, let us explain the main ideas. Let S be a set of well-constrained clauses that is closed under H with equality constraint inheritance,and assume 2 =2 S. As always, we show that then S is satis�able by generating arewrite system R for S (in a similar way as before) and then proving that R� j= S.For this purpose, we �rst show that R� j= irredR(S) like in Theorem 3.6, butwhere the lifting case never needs to be applied (since we only consider the set ofirreducible instances of S). Once we have R� j= irredR(S), then also R� j= S, sinceof course R� j= R and by well-constrainedness of S (where well-constrainedness isrequired only with respect to the particular R that has been generated) we haveirredR(S) [ R j= S (note that if there are no equality literals in S then irredR(S)coincides with S).5.6. Theorem. The inference system H is refutation complete with equality con-straint inheritance for well-constrained sets S of Horn clauses.Proof. Let S be closed under H with equality constraint inheritance. Again webuild a model R� for S whenever 2 =2 S. As said, we prove that R� j= irredR(S),which implies R� j= S by well-constrainedness.We build R as for Theorem 3.6, but now only the irreducible (w.r.t.RC) instancesof S contribute to its construction: a ground instance C of the form �! l ) r inirredRC (S) generates the rule l ) r of R if the usual conditions (i), (ii) and (iii)apply.Now again we derive a contradiction from the existence of a minimal (w.r.t. �c)ground instance C� 2 irredR(S) for some C jj T 2 S, where � is a solution of T ,such that R� 6j= C�. Again we consider several cases, depending on the occurrencesin C� of its maximal term s�. Let us analyse only the case where C is �; s ' t! �and s� � t�. Since R� 6j= C�, we have R� j= s� ' t�, and hence the term s� isreducible by some rule l� ) r� 2 R, generated by an instance C 0� of some C0 jj T 0 ,where C0 is of the form �0 ! l ' r.Now we have s�jp = l�, and, since � is irreducible by R, the only possibilityis now that sjp is a non-variable position of s. Then there exists an inference bysuperposition left: �0 ! l ' r �; s ' t! ��0;�; s[r]p ' t! � jj sjp= l ^ l>r ^ l>�0 ^ s>t ^ s��;�whose conclusion has an instance D� where � is a solution of T ^ T 0 ^ sjp =l ^ l > r ^ l > �0 ^ s > t ^ s � �;� such that C� �c D� and whereR� 6j= D�. Furthermore, D� 2 irredR(S): indeed x� is irreducible by R for allvariables x 2 vars(D). This is clearly the case if x 2 vars(C). For x 2 C0, there



Paramodulation-based theorem proving 47are two cases: if x � l then x =2 vars(D) since l� � r�;�0�; if x 6� l then x� isirreducible w.r.t. RC0 by construction of R, and hence also w.r.t. R, since for allrules l0 ) r0 2 R n RC0 we have l0 � l� � x� and hence such rules cannot reducex�. Altogether, this contradicts the minimality of C�. 25.2. Ordering constraint inheritanceThe proof ideas used for equality constraint inheritance apply as well to orderingconstraint inheritance or to a combination of both.A set of constrained Horn clauses S is closed under H with ordering constraintinheritance if (D jj T1^ : : :^Tn^OC )� is in S whenever C1 jj T1 ; : : : ; Cn jj Tn areclauses in S and there is an inference byH with premises C1; : : : ; Cn and conclusionD jj s = t^OC such that � = mgu(s; t) and the constraint T1^ : : :^Tn^s = t^OCis satis�able.5.7. Theorem. The inference system H is refutation complete with ordering con-straint inheritance for well-constrained sets S of Horn clauses.A set of constrained Horn clauses S is closed under H with equality and order-ing constraint inheritance if D jj T1 ^ : : : ^ Tn ^ s = t ^ OC is in S wheneverC1 jj T1 ; : : : ; Cn jj Tn are clauses in S and there is an inference by H withpremises C1; : : : ; Cn and conclusion D jj s = t ^ OC such that the constraintT1 ^ : : :^ Tn ^ s = t ^OC is satis�able.5.8. Theorem. The inference system H is refutation complete with equality andordering constraint inheritance for well-constrained sets S of Horn clauses.5.3. Basic paramodulationIt is possible to further restrict the inference system H with constraint inheritance,at the expense of weakening the ordering restrictions. Roughly, the improvementcomes from the possibility of moving the inserted right hand side (denoted by rin our superposition rules) in conclusions to the constraint part, thus blocking thisterm for further inferences. On the other hand, paramodulations take place onlywith the maximal term, like in superposition, but on both sides of the equationcontaining the maximal term. More precisely, the inference rule of (ordered, basic)paramodulation right then becomes:ordered paramodulation right:�0 ! l ' r �! s ' t�0;�! s[x]p ' t jj x=r ^ sjp= l ^ l>r ^ l>�0 ^ (s>� _ t>�)



48 R. Nieuwenhuis and A. Rubiowhere sjp is not a variable, and x is a new variable. The inference rule for paramod-ulation left is de�ned analogously. It is clear that these inference rules are an im-provement upon superposition only when applied (at least) with inheritance of thepart x = r of the equality constraint, since otherwise the advantage of blocking ris lost.The completeness proof is an easy extension of the previous results by the modelgeneration method. It su�ces to modify the rule generation by requiring, when arule l ) r is generated, that both l and r are irreducible by RC , instead of only l asbefore, and to adapt the proof of Theorem 5.6 accordingly, which is straightforward.We refer to [Bachmair, Ganzinger, Lynch and Snyder 1995] for a deeper discussionof this form of basic paramodulation.5.4. Saturation for constrained clausesIn this section the redundancy notions for constrained clauses and inferences are de-�ned. The idea is similar to how it was done for unconstrained clauses with variables,except that here, as in the proofs of refutation completeness of H with constraintinheritance, the ground instances are replaced by the set of irreducible (w.r.t. someR) ground instances. These de�nitions are of a rather theoretical nature. Practicalsu�cient conditions for them are given in [Nieuwenhuis and Rubio 1995].In the following,C jj T andD jj T (or sometimes simplyC,D) denote constrainedclauses, S denotes a set of constrained clauses, and R denotes sets of ground rewriterules included in �.First, to get some intuition, let us look at an example showing that the usualsimpli�cation techniques are not compatible with constraint inheritance, even if theinitial set has no constraints at all. For simplicity, we consider here only equalityconstraint inheritance, and a simpli�cation step in which f(g(a)) is simpli�ed intof(b) by demodulation with the instance g(a) ' b of g(x) ' b jj x = a . Note that thisis the natural extension of the standard method of simpli�cation by rewriting withunconstrained equations, which, as we have seen, does not lead to incompletenesswhen no constraints are inherited.5.9. Example. Consider an LPO with f �F g �F a �F b and the inconsistent setof four initial clauses:



Paramodulation-based theorem proving 491: ! a ' b2: ! f(g(x)) ' g(x)3: ! f(g(a)) ' b4: g(b) ' b!Now we could generate a saturation process as follows:5: ! g(x) ' b jj x = a (by superposition of 3 on 2)6: ! f(b) ' g(x) jj x = a (by superposition of 5 on 2)30: ! f(b) ' b (simplifying 3 by 5)Finally, the set f1; 2; 30; 4; 5; 6g is closed under the inference rules, but the emptyclause has not been generated. 2Note that the problem is caused by the fact that, although the initial set iswell-constrained, after applying the simpli�cation step well-constrainedness is lost,and, as a consequence, refutation completeness. Therefore the redundancy meth-ods should consider only irreducible instances, in order to be consistent with thetechniques applied in the previous sections for constraint inheritance.We denote by irredR(�) the set of ground instances �� of an inference � withconstraint inheritance such that C� 2 irredR(C jj T ) for each C jj T that is premiseor conclusion of �.Then, an inference � is redundant in S if for every R compatible with � and forevery �� 2 irredR(�) with premises C1; : : : ; Cn, maximal premise C and conclusionD, either R [ irredR(S)�Ci j= Ci for some i 2 f1 : : :ng or R [ irredR(S)�C j= D.Similarly, a constrained clause C jj T is redundant in S if, for every R compatiblewith �, R[ irredR(S)�C� j= C� for every C� 2 irredR(C jj T ). Note that non-strictredundancy of clauses (see Section 4.4 for details) is considered, which is crucial forshowing that some powerful simpli�cation methods based on constraints �t in thisframework.It is not di�cult to see that in redundancy proofs one can use equations with tau-tologic constraints or constrained equations like f(x) ' x jj a > x for simpli�cationby rewriting. But by means of constraints one can go beyond:5.10. Example. Let � be the lexicographic path ordering where f �F a �F b,and consider the set of equations 1: f(x) ' a2: f(b) ' bBy analyzing its possible ground instances, equation 1 can be split into the onewhere x is b and the remaining instances. In the former case, 1 can be simpli�ed with



50 R. Nieuwenhuis and A. Rubio2, and in the latter case the constraint x 6= b can be added, obtaining, respectively,equations 3 and 4: 2: f(b) ' b3: b ' a4: f(x) ' a jj x 6= bBy simplifying 4 with 3 we obtain2: f(b) ' b3: b ' a5: f(x) ' b jj x 6= bFinally, 2 and 5 can be removed by adding 63: b ' a6: f(x) ' b 2Related techniques are applied for paramodulation without any ordering restric-tions (plus a certain kind of inferences inside constraints) in [Bourely, Caferra andPeltier 1994].We can now state refutation completeness, which is proved by combining thetechniques of Theorems 5.6 and 4.8.5.11. Theorem. Let S be a well-constrained set of clauses that is saturated w.r.t.I with constraint inheritance. Then S is satis�able if, and only if, 2 =2 S.Instead of going into the details of derivations and fairness for constrained clauses,let us only remark here that the methodology explained for clauses without con-straints in Section 4 produces results analogous to the ones of Theorem 4.9 forwell-constrained sets of clauses.5.5. General constrained clausesWhen considering constraint inheritance for general clauses, the main proof methodis the same as before. However, some additional details have to be handled, whichmake it altogether quite technical. For extending Theorem 5.6, the problems arecaused by one case in the proof that has to be considered more carefully: the casewhere an instance C� of a constrained clause C jj T of the form � ! x ' r; x 'r0;� jj T generates a rule x� ) r� of R. Then, although C� is an instance with asubstitution � that is irreducible with respect to RC�, it is reducible with respectto R, since x� is reducible by the rule x� ) r� itself.This situation has the following unpleasant consequences. If an inference with C�on another irreducible instance C 0� is needed, it cannot be ensured any more that



Paramodulation-based theorem proving 51the corresponding instance D� of the conclusion D jj T 00 obtained from C 0 jj T 0 andC jj T is an irreducible instance, since D has x ' r0 in the succedent. Note thatin the Horn case this cannot happen: if x� is the left hand side of the rule, then xcannot occur in the corresponding conclusion.The problem is solved by re�ning the notion of irreducibility for these specialvariables occurring in an instance C�. The problematic variables of C� are thosevariables that occur in the succedent and only in equations like x ' r with x� � r�.For these variables x� is only required to be irreducible by rules smaller than thegreatest x� ' r� in C�. With this notion of irreducibility, the proof of theorem 5.6can be applied to general clauses, using the inference system I and its correspondingrule generation as in Theorem 3.10. We refer to [Nieuwenhuis and Rubio 1995] fordetails.5.12. Theorem. The inference system I is refutation complete with equalityand/or ordering constraint inheritance for well-constrained sets S of clauses.6. Paramodulation with built-in equational theoriesIn this section the paramodulation calculus is generalised to the case in which someof the initial axioms are considered as a built-in theory. In particular, the case inwhich the theory is expressed by a set E of equational axioms is considered.There are di�erent ways to extend paramodulation based inference systems forthis purpose. The simplest one is by adding a new inference rule applying paramod-ulations on the equations of the theory (but not with them). An alternative tothis inference rule is to associate to each clause the set of its E-extended clauses[Peterson and Stickel 1981], which are clauses obtained by adding to the maximalequation (if it is in the succedent) contexts coming from the equations in E. Thenparamodulation is performed with the E-extended clauses as well. Due to the factthat many of these extended clauses can be shown to be redundant, this methodseems to be less proli�c than the �rst one.In some interesting cases, like for abelian semigroups, that is, associative andcommutative (AC) theories, the useful extended clauses can be easily characterized.Then it becomes possible as well to design speci�c inference rules instead of handlingthese extensions explicitly. This is the way most paramodulation calculi for theAC-case are expressed [Paul 1992, Rusinowitch and Vigneron 1995, Vigneron 1994,Nieuwenhuis and Rubio 1997] and in Section 6.2 (see also [Rubio 1996] for built-in semigroups, i.e. associative theories). This approach is considered as well forarbitrary regular theories in [Vigneron 1996].Recent research concerns algebraic structures richer than abelian semigroups, likeabelian groups [Stuber 1998a, Godoy and Nieuwenhuis 2000], cancellative abelianmonoids [Ganzinger and Waldmann 1996], commutative rings [Stuber 1998b] ordivisible torsion-free abelian groups [Waldmann 1998].



52 R. Nieuwenhuis and A. Rubio6.1. E-compatible reduction orderingsMany results in the literature on ordered paramodulation and superposition mod-ulo E require (i) E-uni�cation to be �nitary, (ii) E-uni�ability to be decidable, and(iii) the existence of an E-compatible total reduction ordering. In Section 6.3 wewill describe a uniform framework in which the �rst two requirements turn out tobe unnecessary by inheriting equality constraints. Only recently, in [Bo�ll, Godoy,Nieuwenhuis and Rubio 1999] it was proved that the third requirement can bedropped as well: E-compatible total reduction orderings, which were crucial in allpreviously existing completeness proofs completeness of ordered paramodulationcalculi, are not needed for ordered paramodulation. The new results for paramod-ulation with non-monotonic orderings of [Bo�ll et al. 1999] may allow one to workwith much simpler orderings. For example, in many cases one can normalize termsw.r.t. the theory E before comparing them by some total ordering on ground terms,thus obtaining a total, E-compatible, and well-founded ordering (that is not mono-tonic in general). However, the results for non-monotonic orderings have not beendeveloped yet for working modulo equational theories, they are applicable only forordered paramodulation and not for superposition, and, moreover, they are notcompatible with the usual redundancy elimination techniques. Hence it seems rea-sonable to expect that they will be used only in contexts where E-compatible totalreduction orderings do not (or are not known to) exist.Hence it is necessary to explore the possibilities of �nding E-compatible reduc-tion orderings for di�erent theories E and to study in which cases these orderingscan be E-total, i.e. total on the E-congruence classes. This is done in the remainderof this section. The following abbreviations will be used for equational axioms: C(commutativity), A (associativity), U (unit), I (idempotence) and D (distributiv-ity).First we will present some positive results for theories containing associativityand/or commutativity axioms. The easiest case is C, since RPO (see section 2.2)is a C-compatible reduction ordering if all commutative function symbols havea multiset status, and it is C-total under a total precedence if a lexicographicstatus is assigned to all other symbols. Similarly, in fact any permutative the-ory can be considered, that is, any theory E presented by axioms of the formf(x1; : : : ; xn) ' f(x�(1); : : : ; x�(n)), where the x1; : : : ; xn are distinct variables and� is some permutation of 1 : : :n. If such f have multiset status, the ordering willbe E-compatible. With a little more e�ort, it can be made total up to =E by alexicographic combination with a second component9.AC-axioms are present in many interesting theories, and hence AC-compatibleorderings have received much more attention than any others. It turned out to9In this second component, roughly, the multisets formed by the equivalence classes of per-muting arguments are compared lexicographically. For example, if a �F b and E consists off(x1; x2; x3; x4; x5) ' f(x1; x3; x2; x4 ; x5) and f(x1; x2; x3; x4; x5) ' f(x1; x2; x3; x5; x4), then wecan compare lexicographically sequences of multisets of arguments hf1stg;f2nd;3rdg:f4th;5thgi,and f(a;a; a; b; a) � f(a;a; b; a; a), since the multiset fa;ag of the second and third argument ofthe �rst term is larger than the one of the second term, which is fb; ag.



Paramodulation-based theorem proving 53be quite di�cult to �nd AC-compatible reduction orderings, especially when AC-totality is also required. In fact, the �rst attempts were not total in general(see e.g. [Bachmair and Plaisted 1985, Ben-Cherifa and Lescanne 1987, Kapur,Sivakumar and Zhang 1990]). The �rst AC-compatible AC-total reduction order-ing was exhibited in [Narendran and Rusinowitch 1991], while the �rst such or-dering based on RPO appeared in [Rubio and Nieuwenhuis 1995] and furtherimprovements on AC-orderings with RPO-scheme are developed in [Kapur andSivakumar 1997, Rubio 1999]. For the A (associativity only) case, not many resultshave been developed. Of course, if A-totality is not required, any of the AC-orderingscan be used. Otherwise, in [Rubio 1996], a way to obtain A-compatible A-total re-duction orderings from AC-orderings is described. However, apparently some of theknown RPO-like AC-total orderings could also be adapted to the A case directly.Finally, joining all the results one can obtain E-compatible E-total reduction or-derings for theories E containing A-, C-, AC- and free symbols [Rubio 1994].When considering other theories, fewer positive results can be obtained. U-compatible orderings cannot ful�ll the subterm property, since if + is a functionsymbol with unit 0 then x + 0 =U x and hence, by U-compatibility, x + 0 cannotbe greater than x. This means that E-compatible simpli�cation orderings do notexist if there are any such unit axioms in E. However, it is possible, as described in[Jouannaud and March�e 1992] and [Wertz 1992], to obtain an ACU-compatible re-duction ordering from an AC-compatible reduction ordering, provided that all unitsare minimal in the given AC-ordering. But such a restriction has to be required byany E-compatible ordering such that E contains any unit axioms, i.e. U � E:6.1. Example. Let + and � be U-function symbols with units 0 and 1 respectively.Then if 0 �E 1, by monotonicity, x+ 0 �E x+ 1, which implies, by E-compatibility(since x+0 =U x), x �E x+1, contradicting, by monotonicity, the well-foundednessof �E. The symmetric case 1 �E 0 leads to the same contradiction. 2This example shows us that only one unit is allowed if we are interested in E-totality. There may exist U-compatible reduction orderings that are U-total butwhich are not simpli�cation orderings.The case in which E contains some idempotence axiom is even worse, since thenno E-compatible well-founded ordering �E can be monotonic:6.2. Example. Let � be an I-function symbol and let s and t be terms with s �E t.Then if �E is monotonic we have s � s �E t � s and hence, by E-compatibility (sinces�s =I s), s �E t�s, which together with monotonicity contradicts well-foundedness.2 Finally another interesting example is the presence of distributivity axioms. It isunknown whether there are, in general, D-compatible reduction orderings (and alsoE-compatible for a set E containing distributivity axioms). However, a well-knownACD-compatible ordering is the APO [Bachmair and Plaisted 1985], when thereare no distribution chains.



54 R. Nieuwenhuis and A. Rubio6.2. Paramodulation modulo associativity and commutativityLet us now consider the case of superposition with built-in associativity and com-mutativity for some function symbols.In this section constraints are interpreted as follows: the ordering � interpreting> is now an AC-compatible AC-total reduction ordering, while = is interpreted as=AC (the AC-equality congruence).The full inference system for general clauses modulo AC, called IAC includes therules of I (under the new semantics for > and =) plus the following three speci�crules:AC-superposition right:�0 ! l ' r;�0 �! s ' t;��0;�! s[f(r; x)]p ' t;�0;� jj sjp=f(l; x) ^l>r ^ l>�0 ^ gr(l ' r;�0) ^s>t ^ s>� ^ gr(s ' t;�)AC-superposition left:�0 ! l ' r;�0 �; s ' t! ��0;�; s[f(r; x)]p ' t! �0;� jj sjp=f(l; x) ^l>r ^ l>�0 ^ gr(l ' r;�0) ^s>t ^ greq(s ' t;� [�)AC-top-superposition:�0 ! l ' r;�0 �! s ' t;��0;�! f(r0; x0) ' f(r; x);�0;� jj f(l0; x0)=f(l; x) ^l>r ^ l>�0 ^ gr(l ' r;�0) ^s>t ^ s>� ^ gr(s ' t;�)In these rules, where x and x0 are new variables, the term l can be restricted to beheaded by the AC-symbol f . This can be expressed in the constraint language andadded to the constraint. Let us de�ne ujq to be a maximal non-f subterm of u if qis a position such that top(ujq) 6= f and top(ujq0) = f for all proper pre�xes q0 ofq. Then, AC-top-superposition is only needed if l and l0 are headed by f and sharesome maximal non-f subterm s but x and x0 do not (some restrictions implied bythis condition can be formulated in the constraint language, and hence some casesof failure of this condition can be detected as unsatis�able constraints). Finally,the superposition inferences are needed only if ljp is non-variable (as usual), andAC-superposition is needed only if moreover ljp (which has an f as top symbol) isnot immediately below another f . Some examples are given below.The refutation completeness of IAC can be proved by introducing a notion ofextended instance of a clause and then adapting the construction of the rewrite



Paramodulation-based theorem proving 55system R to work modulo AC and considering these extended instances for thegeneration of rules. We refer to [Nieuwenhuis and Rubio 1997] for the details.6.3. Theorem. The inference system IAC is refutation complete without constraintinheritance with built-in AC-theories.6.3. Constraint inheritance and built-in theoriesBy inheriting equality constraints one can avoid one of the main drawbacks ofworking with built-in theories, namely the large cardinality of the set of uni�ers forcertain uni�cation problems. For instance, there may be doubly exponentially manyAC-uni�ers for two terms [Domenjoud 1992] (in a sense, this is also an upper bound[Kapur and Narendran 1992]), and therefore as many conclusions in an inference;e.g., a minimal complete set for x+x+ x and y1+ y2+ y3+ y4 contains more thana million uni�ers.For proving refutation completeness with constraint inheritance it becomes nec-essary, as in the free case (see section 5.1), to consider irreducible instances. Inthis case the irreducibility notion for the fresh variables introduced by the threespeci�c AC-inference rules needs to be re�ned. Again we refer to [Nieuwenhuis andRubio 1997] for the details.6.4. Theorem. The inference system IAC is refutation complete with constraintinheritance for well-constrained sets S of clauses with built-in AC-theories.As said, by inheriting equality constraints, the computation of uni�ers and thegeneration of many conclusions in every inference becomes unnecessary. But it ispossible to go beyond. One can deal, in an e�ective way, with theories E with anin�nitary E-uni�cation problem, i.e., theories where for some uni�cation problemsany complete set of uni�ers is in�nite. This is the case for theories containing onlyassociativity axioms for some function symbols, which is developed in [Rubio 1996].Finally, one can consider any built-in theory E, even when the E-uni�cationproblem is undecidable, if an adequate inference system and ordering are found(although these ideas require a further development for concrete E). Incompletemethods can then be used for detecting cases of unsatis�able constraints, and onlywhen a constrained empty clause 2 jj T is found, one has to start (in parallel) asemidecision procedure proving the satis�ability of T . But note that for soundnessonly the equality constraint part of T needs to be proved satis�able, since theinference rules are sound as well without ordering restrictions. This method is notonly interesting if no decision procedure for the E-uni�cation problem is available:incomplete methods can be more e�cient and hence more e�ective in practice thancomplete ones.



56 R. Nieuwenhuis and A. Rubio7. Symbolic constraint solvingEquality constraints are also known as uni�cation problems, since they generalizethe notion of uni�cation, which usually consists in solving one single equation.Due to the large amount of applications of uni�cation in automated deduction,logic programming and, in general, in symbolic computation, equational constraintshave been used in many di�erent applications. Hence for this topic here we refer toChapter [chapter with id uni�cation] of this handbook for a detailed survey.7.1. Ordering constraint solvingApart from the applications to pruning the search space in automated theoremproving, ordering constraint solving is useful in many other contexts like provingtermination of term rewrite systems or con
uence of ordered term rewrite systems[Comon et al. 1998].Regarding the former application, constraints provide powerful termination or-derings �c for term rewriting, de�ned: s �c t if s� � t� for all ground �. If �is the recursive path ordering (RPO), such �c subsume other path orderings likethe ones of [Kapur, Narendran and Sivakumar 1985, Lescanne 1990] since all thesepath orderings coincide on ground terms (see [Dershowitz 1987]). For example, ifs is g(f(x); f(y)) and t is g(g(x; y); g(x; y)), and f �F g in the precedence, thens 6�rpo t, but s �c t. Ordering constraint solving is also applicable as an underlyingtechnique in more general contexts like the dependency pairs method of [Arts andGiesl 1997].As explained in Section 4.7 of this chapter, some applications of ordering con-straints to ordered strategies in theorem proving gave rise to the distinction between�xed signature semantics (solutions are built over a given signature F) and extendedsignature semantics (new symbols are allowed to appear in solutions) [Nieuwenhuisand Rubio 1992b].The satis�ability problem for ordering constraints was �rst shown decidable for�xed signatures when � is a total LPO [Comon 1990] or a total RPO [Jouannaudand Okada 1991]. For extended signatures, decidability was shown for LPO in[Nieuwenhuis and Rubio 1995] and for RPO in [Nieuwenhuis 1993]. Regarding com-plexity, NP algorithms for LPO (�xed and extended signatures) and RPO (ex-tended ones) were given in [Nieuwenhuis 1993]. Recently, an NP algorithm hasbeen given as well for RPO under �xed signatures in [Narendran, Rusinowitch andVerma 1998]. For the AC-RPO ordering of [Rubio and Nieuwenhuis 1995], decid-ability was shown in [Comon, Nieuwenhuis and Rubio 1995]. NP-hardness of thesatis�ability problem is known, even for one single inequation, for all these cases[Comon and Treinen 1994].All these decision procedures use at some point the fact that a constraint C can bee�ectively expressed as an equivalent disjunction of expressions s1 > t1^ : : :^ sn >tn, called solved forms, where for each i always at least one of si or ti is a variable.Solved forms are obtained by repeatedly applying the de�nition of the ordering by



Paramodulation-based theorem proving 57rules like: f(s1; : : : ; sp) > t =) s1 � t _ : : :_ sp � tif t is a non-variable term whose topmost symbol is bigger in the precedence thanf . Similar rules deal with the equality relations in the constraints, like f(: : :) =g(: : :) =)? if f 6= g, and f(s1; : : : ; sn) = f(t1; : : : ; tn) =) s1 = t1;^ : : :^; sn = tn.Due to the transformations into disjunctive normal form, the number of solvedforms for a given C may be exponential, even if all atoms in C are already inequal-ities between variables or if C consists of one single inequality. In algorithms likethe ones of [Comon 1990] and [Nieuwenhuis and Rubio 1995], the computation ofsolved forms is only a �rst step that is followed by other exponential phases. This isnot surprising, since this notion of solved form only involves a local analysis of theinequations considered independently. In fact any constraint s > t can be expressedas the solved form s > x^x > t, for some new variable x, which is equivalent w.r.t.satis�ability under extended signatures.On the other hand, the NP algorithms of [Nieuwenhuis 1993] and [Narendranet al. 1998] are based on a �rst non-deterministic guess of a simple system forC, a particular constraint S of the form sn #n sn�1 #n�1 : : : #1 s0, whereeach #i is either = or >, and fsn; : : : ; s1g is the set of all subterms of C. Then,roughly, C is satis�able if, and only if, some of its simple systems contains one ofits own solved forms and entails C. For each simple system, this can be checkedin polynomial time, but the number of simple systems to be considered is far toolarge for practical usefulness.A new family of algorithms, for full RPO and both semantics, has been intro-duced recently in [Nieuwenhuis and Rivero 1999]. These algorithms are based on anew notion of solved form, where properties of orderings like transitivity and mono-tonicity are taken into account. They are simple and, since guessing is minimised,more e�cient.8. Extensions8.1. Paramodulation-based answer computationAnswer computation in some logic is at the heart of many applications of au-tomated reasoning. Well-known simple examples of such mechanisms are Prolog'sSLD-resolution, where the accumulated uni�ers are kept as answers, or E-uni�cationprocedures for equational (or more general) theories E in which, given a goal s = t,answers � are computed such that E j= s� = t�.In [Gallier and Snyder 1989] general rules for E-uni�cation are given. Narrowingwas originally devised as an e�cient E-uni�cation procedure using a convergent(con
uent and terminating) set of rewrite rules R for E [Fay 1979, Hullot 1980b].Many extensions (to, e.g., conditional TRS's) and optimizations of narrowing havebeen proposed (see e.g. [Rety, Kirchner and Lescanne 1985, Bosco, Giovanetti andMoiso 1988, H�olldobler 1989, Nutt, R�ety and Smolka 1989, Bockmayr, Krischer and



58 R. Nieuwenhuis and A. RubioWerner 1992, Bockmayr and Werner 1994]). Most completeness proofs of these nar-rowing strategies are based on lifting arguments applied to rewrite proofs, which haslimitationswhen applied to unrestricted general clauses, more general simpli�cationand redundancy notions, or with constrained clauses.The techniques developed in this chapter can be extended into an alternativeapproach, based on the well-known fact that in refutation theorem proving, eachrefutation proof provides one answer, like in SLD-resolution. This has been done in[Nieuwenhuis 1995], where a proof technique is developed that uniformly covers E-uni�cation-like methods and Prolog-like resolution strategies. By narrowing moduloequational theories like AC, compact representations of solutions, expressed by AC-equality constraints, can be obtained. Computing AC-uni�ers is only needed at theend if one wants to \uncompress" such a constraint into its (doubly exponentiallymany) concrete substitutions. In [Lynch 1997] it is shown that superposition iscomplete for answer computation with arbitrary selection rules (where also positiveliterals can be selected), thus properly extending SLD resolution to clauses withequality literals.8.2. Paramodulation-based decidability and complexity resultsThe well-known close relationship between computation formalisms and deductionin some logic has been a starting point for a considerable amount of recent researchin logic-based decidability and complexity analysis.Regarding resolution-based results, for example in [Basin and Ganzinger 1996]saturatedness of sets S of clauses (without equality) with respect to di�erent order-ings implies membership in di�erent complexity classes of the entailment problemsS j= C for ground C. And of course for the Datalog language of 
at Horn clauseswithout equality there are a number of results from descriptive complexity theory;for example, that Datalog programs precisely capture the set of queries on a �nitedatabase decidable in �nite time [Vardi 1982, Immerman 1986].Regarding paramodulation-based decidability results, for the class of groundequations where some symbols are associative and commutative (AC) a �nitecon
uent rewrite system can always be computed by superposition [Narendranand Rusinowitch 1991, March�e 1991], by which the word problem is decidable.In the same class, the uni�cation problem is also decidable [Narendran andRusinowitch 1993]. In [March�e 1996] paramodulation-based decidability results forword problems in ground presentations modulo several other theories extending ACare given, like abelian groups or commutative rings.Concerning non-ground theories, superposition with simpli�cation can be usedas a decision procedure for the monadic class with equality [Bachmair, Ganzingerand Waldmann 1993b] (which is equivalent to a class of set constraints [Bachmair,Ganzinger and Waldmann 1993a]). Similar very recent results have been obtainedfor the guarded fragment [Ganzinger, Meyer and Veanes 1999, Ganzinger andde Nivelle 1999].In [Waldmann 1999] it is shown that cancellative superposition decides the the-



Paramodulation-based theorem proving 59ory of divisible torsion-free abelian groups. The equational shallow theories, theones axiomatized by equations where no variable occurs at depth more than one,are another fundamental class with decidable word and uni�cation problems andeven a decidable �rst-order theory [Comon, Haberstrau and Jouannaud 1994]. In[Nieuwenhuis 1998] it is shown that for sets of Horn clauses with equality saturatedunder basic paramodulation, the word and uni�ability problems are in NP, and thenumber of minimal uni�ers is simply exponential; this can be applied to shallowHorn clauses with equality. For certain Horn sets S saturated under basic superposi-tion, the word and uni�ability problems are still decidable and uni�cation is �nitary.Further results on the decidability of uni�cation problems in Horn theories havebeen obtained by sorted superposition [Jacquemard, Meyer and Weidenbach 1998].9. PerspectivesIn this section some prominent research problems and future directions for researchin this area are addressed.Apart from adequate theoretical results as we have seen them in this chapter,building a state-of-the-art paramodulation-based theorem prover requires at leasttwo more ingredients: good heuristics, and the necessary engineering skills to im-plement it all in an e�cient way. Progress between theory and these other aspectsis interacting in di�erent ways.On the one hand, new theoretical insights are replacing heuristics by more preciseand e�ective techniques. For example, the completeness proof of basic paramodula-tion shows why no inferences below Skolem functions are needed, as conjectured byMcCune [1990]. Regarding implementation techniques, ad-hoc algorithms for pro-cedures like demodulation or subsumption are being replaced by e�cient, re-usable,general-purpose indexing data structures for which the time and space requirementsare well-known (see Chapter [chapter with id indexing] of this handbook).But, on the other hand, theory is also advancing in other directions, producingnew ideas for which the development of implementation techniques and heuris-tics that make them applicable sometimes takes several years. For example, basicparamodulation was presented in 1992, but it was not applied in a state-of-the-art prover until four years later, when it was applied by McCune for �nding hisproof of the Robbins conjecture [McCune 1997b] by basic paramodulation moduloassociativity and commutativity (AC).Provers like Spass [Weidenbach 1997], based on (a still relatively small numberof) such new theoretical insights, are now emerging and seem to be outperformingthe \engineering-based" implementations of more standard calculi, in spite of stilllacking more re�ned implementation techniques (see below).McCune's successful application of AC-paramodulation also illustrates thee�ectiveness|and the need|of building-in more and more knowledge about theproblem domain (here, equality and the AC properties of some symbols) inside thegeneral-purpose logics. Paramodulation with constraints seems to be an adequateparadigm for doing this in a clean way. It uses specialized techniques in the di�er-



60 R. Nieuwenhuis and A. Rubioent constraint logics, supporting the reasoning process in the general-purpose logic.The interface between the two is through the variables: the constraints delimit therange of the quanti�ers, and hence de�ne the relevant instances of the expressions.In the remainder of this section, some of the current theoretical and practicalchallenges concerning the construction of paramodulation-based provers are sur-veyed.9.1. Basicness and redundancyThe basic restriction in paramodulation is easy to implement in most provers bymarking blocked subterms, i.e., the point where the constraint starts. However, wehave seen that full simpli�cation by demodulation is incomplete in combinationwith the basic strategy. An important challenge is to develop adequate redundancynotions for the basic strategy. Although some ideas are given in [Lynch and Schar�1998], better results are needed for practice.In the context of E-paramodulation with constraints, another interesting problemis how to apply a constrained equation s ' t j T in a demodulation step withoutsolving the E-uni�cation problem in T . If the equation is small, and hence likelyto be useful for demodulation, and the number of uni�ers � of T is small as well,it may pay o� to keep some of the instantiated versions s� ' t�, along with theconstrained equation, for use in demodulation. For large clauses this will probablynot be useful.9.2. OrderingsIn all provers based on ordered strategies, the choice of the right ordering for a givenproblem turns out to be crucial. In many cases weaker (size- and weights- based)orderings like the Knuth-Bendix ordering behave well. In others, path orderings likeLPO or RPO are better, although they depend heavily on the choice of the under-lying precedence ordering on symbols. It is not clear at all how to choose orderingsand precedences in practice. The prover can of course recognise familiar algebraicstructures like groups or rings, and try orderings that normally behave well for eachcase, but is there no more general solution? For the case of E-paramodulation, theseaspects are even less well-studied.9.3. Constraint solvingAs we have seen, for taking advantage of the constraints, algorithms for constraintsatis�ability checking are required. Deciding the problem in general requires expo-nential time for path orderings like LPO or RPO. Is there any useful ordering forwhich deciding the satis�ability of (e.g., only conjunctive) constraints can be donein polynomial time? Or, if the answer is negative, for which orderings can we havebetter practical algorithms?



Paramodulation-based theorem proving 61In practice one could use more e�cient (sound, but incomplete) tests detectingmost cases of unsatis�able constraints: when a constraint T is unsatis�able, theclause C j T is redundant (in fact, it is a tautology) and can be removed. Are thereany such tests?In the context of a built-in theory E, equality constraint solving amounts todeciding E-uni�ability problems. Although for many theories E a lot of work hasbeen done on computing complete sets of uni�ers, the decision problem has receivedless attention (see [chapter with id uni�cation] of this handbook). Are there anysound tests detecting most cases of unsatis�ability?9.4. Indexing data structuresFor many standard operations like many-to-one matching or uni�cation indexingdata structures exist that can be used in operations like inference computation,demodulation or subsumption (see Chapter [chapter with id indexing] of this hand-book). Such data structures are crucial in order to obtain a prover whose throughputremains stable while the number of clauses increases.But for many operations no indexing data structures have been developed yet.For example, consider demodulation with equations that cannot be oriented a prioriw.r.t. the ordering �, like the commutativity axiom. If such an equation s ' t isfound to be applicable to a term s�, then after matching it has to be checkedwhether s� � t�, i.e., whether the corresponding rewrite step is indeed reductive.If it is not reductive, then the indexing data structure is asked to provide a newapplicable equation, and so on. Of course it would be much better to have anindexing data structure that checks matching and ordering restrictions at the sametime.Apart from the AC case, indexing data structures for built-in E have receivedlittle attention. Especially for matching, at least for purely equational logic, theyare really necessary. What are the perspectives for developing such data structuresfor other theories E?9.5. More powerful redundancy notionsIn the Saturate system [Nivela and Nieuwenhuis 1993, Ganzinger, Nieuwenhuisand Nivela 1999], a number of experiments with non-standard redundancy notionshas been carried out. For example, constrained rewriting turns out to be powerfulenough for deciding the con
uence of ordered rewrite systems [Comon et al. 1998].Other techniques based on forms of contextual and clausal rewriting can be usedto produce rather complex saturatedness proofs for sets of clauses. In Saturate, theuse of these methods is limited, since they are expensive (they involve search andordering constraint solving) and Saturate is just an experimental Prolog implemen-tation. However, from the experiments it is clear that such techniques importantlyreduce the number of retained clauses.



62 R. Nieuwenhuis and A. RubioCan such re�ned redundancy proof methods be implemented in a su�cientlye�cient way to make them useful in real-world provers? It seems that their costcan be made independent of the size of the clause database of the prover (up tothe size of the indexing data structures, but this is the case as well for simpleredundancy methods like demodulation). Hence, they essentially slow down theprover in a (perhaps large) linear factor, but may produce an exponential reductionof the search space, thus being e�ective in hard problems.9.6. More global future research directionsUp to this point, in this section we have focussed on concrete problems concerningthe application of the theory explained in this chapter in actual provers. Longer-term challenges include the following two global areas.One main area of interest concerns the integration of prover components:how to integrate dedicated procedures within general-purpose paramodulation-based provers (along the lines of Section 6), and how to integrate automatedparamodulation-based provers in more general environments like proof assistants.Similarly, it has to be studied how to combine paramodulation-based provers withother automated reasoning paradigms.A second major area of interest involves the application of the theory of paramod-ulation to other sub�elds of computer science like programming and complexitytheory (along the lines of the results described in Sections 8.1 and 8.2), as well asmore concrete applications like the analysis of security protocols [Weidenbach 1999].AcknowledgmentsWe wish to thank the many people who helped us to improve (rewrite, polish,extend) this chapter, in particular Anatoli Degtyarev, Guillem Godoy, Jieh Hsiang,Chris Lynch, Michael Rusinowitch, and especially Andrei Voronkov.BibliographyArts T. and Giesl J. [1997], Automatically proving termination where simpli�cation orderingsfail, in `TAPSOFT: 7th International Joint Conference on Theory and Practice of SoftwareDevelopment', LNCS 1214, Springer-Verlag, pp. 261{272.Bachmair L. [1989], Proof normalization for resolution and paramodulation, in `Third int. conf.on Rewriting Techniques and Applications (RTA)', LNCS 355, Springer-Verlag, Chapel Hill,NC, USA, pp. 15{28.Bachmair L. [1991], Canonical equational proofs, Birkh�auser, Boston, Mass.Bachmair L. and Dershowitz N. [1989], `Completion for rewriting modulo a congruence',Theoretical Computer Science 2 and 3(67), 173{201.Bachmair L. and Dershowitz N. [1994], `Equational inference, canonical proofs, and prooforderings', J. of the Association for Computing Machinery 41(2), 236{276.
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